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Example 1: a discrete distribution
English: choose two real numbers x , y independently from the uniform
distribution between 0 and 1, then return whether x < y .

Bind(Uniform(0, 1), x ,Bind(Uniform(0, 1), y , If(x<y ,Ret(true),Ret(false))))

∫ 1

0

∫ 1

0

({
h(true) if x < y
h(false) otherwise

)
dy dx

1
2 · h(true) + 1

2 · h(false)

Msum
(
Weight(1/2,Ret(true)),Weight(1/2,Ret(false))

)
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Example 2: a continuous distribution

English: two steps on a 1-dimensional random walk: first choose x from
normal 0 1, then choose y from normal x 1, and return (only) y .

Bind(Gaussian(0, 1), x ,Bind(Gaussian(x , 1), y ,Ret(y)))

∫ ∞
−∞

exp
(
− x2

2
)

√
2 · π

·
∫ ∞
−∞

exp
(
− (y−x)2

2
)

√
2 · π

· h(y) dy dx

Gaussian(0,
√

2)
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Example 3: a conditional distribution

English: What if, instead of caring about the second step y and throwing
away x , we observe y from an actual walk and want to use that
information to infer the first step x?

Bind(Gaussian(0, 1), x ,Weight(D(Gaussian(x , 1), y),Ret(x)))

∫ ∞
−∞

exp
(
− x2

2
)

√
2 · π

·
exp
(
− (y−x)2

2
)

√
2 · π

· h(x) dx

Weight
(exp

(
− y2

4
)

2 ·
√
π

,Gaussian
(y

2 ,
1√
2

))
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Embedding our language in Maple

a : R b : R
Uniform(a, b) : MR

µ : R σ : R+

Gaussian(µ, σ) : MR
µ : R γ : R+

Cauchy(µ, γ) : MR

ν : R µ : R γ : R+

StudentT(ν, µ, γ) : MR
α : R+ β : R+

Beta(α, β) : MR+
k : R+ θ : R+

Gamma(k, θ) : MR+

e : A
Ret(e) : MA

m : MA

[x : A]
···

m′ : MB
Bind(m, x ,m′) : MB

∀i ≤ n, mi : MA
Msum(m1, . . . ,mn) : MA

e : R+ m : MA
Weight(e,m) : MA

e : B m : MA m′ : MA
If(e,m,m′) : MA

[~ : A→ R+]
···

g : R+

LO(~, g) : MA

Figure: Informal typing rules for how we represent measures



Denotational semantics – abstract and concrete integration
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The plan

1. View the given measure term as a linear operator, which specifies the
abstract integral of an arbitrary integrand.

MA 7→ (A › R) › R

2. Improve the integral using computer algebra, keeping the integrand
arbitrary.

(A › R) › R 7→ (A › R) › R

3. Read off a new measure term from the improved linear operator.

(A › R) › R 7→MA
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Measure to linear operator

integ
(
m, h

)
=
∫ U(m)
L(m) D(m, x) · h(x) dx

where m is a primitive measure term
and x is fresh

integ
(
Ret(e), h

)
= h(e)

integ
(
Bind(m, x ,m′), h

)
= integ

(
m, λx . integ(m′, h)

)
integ

(
Msum(m, . . . ), h

)
= integ(m, h) + · · ·

integ
(
Weight(e,m), h

)
= e · integ(m, h)

integ
(
If(e,m,m′), h

)
= If

(
e, integ(m, h), integ(m′, h)

)
integ

(
LO(~, g), h

)
= g{~ 7→ h}

integ
(
m, h

)
= Integrate(m, h) otherwise

patent linearity. sin(h(a))2 + cos(h(a))2 − 1
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Density

Measure term Bounds Density
m L(m) U(m) D(m, x)

Uniform(a, b) a b 1
b − a

Gaussian(µ, σ) −∞ +∞
exp
(
−1

2 · (
x−µ
σ )2)

√
2 · π · σ

Cauchy(µ, γ) −∞ +∞ 1
π · γ

(
1 + (x − µ

γ
)2)−1

StudentT(ν, µ, γ) −∞ +∞
(
1 + ( x−µ

γ )2ν
)−(ν+1)/2

Γ(ν/2)
Γ((ν+1)/2) ·

√
π · ν · γ

Beta(α, β) 0 1 xα−1 · (1− x)β−1

B(α, β)

Gamma(k, θ) 0 +∞
xk−1 · exp(− x

θ )
Γ(k) · θk



linear operator back to measure
toM
(
~,
∫ b

a g dx , c
)

= weight
(

e1, bind(m, x ,weight(e2,m′))
)

where x 6= ~ and (e,m′) = unweight
(

toM(~, g , c ∧ a < x < b)
)

(m, e′) = recognize(e, x , a, b, c)
e1 · e2 = e′ where e1 does not contain x free

toM
(
~, ~(e), c

)
= Ret(e)

toM
(
~, g + · · · , c

)
= Msum

(
toM(~, g , c), . . .

)
toM
(
~, e · g , c

)
= weight

(
e, toM(~, g , c)

)
where e does not contain ~ free

toM
(
~, If(e, g , g ′), c

)
= If
(

e, toM(~, g , c∧e), toM(~, g ′, c∧¬e)
)

toM
(
~, Integrate(m, h), c

)
= bind

(
m, x , toM(~, h(x), c)

)
where x is fresh

toM
(
~, g , c

)
= LO(~, g) otherwise

bind(m, x ,Ret(x)) = m
bind(Ret(e), x ,m) = m{x 7→ e}
bind(m, x ,m′) = Bind(m, x ,m′)

otherwise

weight(1,m) = m
weight(0,m) = Msum()
weight(e,Weight(e′,m)) = weight(e · e′,m)
weight(e,m) = Weight(e,m) otherwise

unweight
(

Weight(e,m)
)

=
(

e,m
)

unweight
(

Msum(m1, . . . ,mn)
)

=
(

e,Msum(weight( 1
e ,m1), . . . ,weight( 1

e ,mn))
)

where e = e1 + · · ·+ en and (ei , ) = unweight(mi )
unweight

(
m
)

=
(

1,m
)

otherwise
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Density recognition
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(exp

(
− x2

2
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√
2 · π

·
exp
(
− (y−x)2

2
)

√
2 · π

, Ret(x)
)



Density recognition

Weight
(exp

(
− x2

2
)

√
2 · π

·
exp
(
− (y−x)2

2
)

√
2 · π

, Ret(x)
)



Density recognition

Measure term Density
m D(m, x)

Uniform(a, b) 1
b − a

Gaussian(µ, σ)
exp
(
−1

2 · (
x−µ
σ )2)

√
2 · π · σ

Cauchy(µ, γ)
(
1 + ( x−µ

γ )2)−1

π · γ

StudentT(ν, µ, γ)
(
1 + ( x−µ

γ )2ν
)−(ν+1)/2

Γ(ν/2)
Γ((ν+1)/2) ·

√
π · ν · γ

Beta(α, β) xα−1 · (1− x)β−1

B(α, β)

Gamma(k, θ)
xk−1 · exp(− x

θ )
Γ(k) · θk

DEs FTW
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Density recognition
Measure term Density Holonomic representation

m D(m, x) p0(x)
p1(x) = −

d
dxD(m, x)
D(m, x)

Uniform(a, b) 1
b − a 0

Gaussian(µ, σ)
exp
(
−1

2 · (
x−µ
σ )2)

√
2 · π · σ

x − µ
σ2

Cauchy(µ, γ)
(
1 + ( x−µ

γ )2)−1

π · γ
2 · (x − µ)

(x − µ)2 + γ2

StudentT(ν, µ, γ)
(
1 + ( x−µ

γ )2ν
)−(ν+1)/2

Γ(ν/2)
Γ((ν+1)/2) ·

√
π · ν · γ

(ν + 1) · (x − µ)
(x − µ)2 + γ2 · ν

Beta(α, β) xα−1 · (1− x)β−1

B(α, β)
(α + β − 2) · x − (α− 1)

x · (1− x)

Gamma(k, θ)
xk−1 · exp(− x

θ )
Γ(k) · θk

x
θ + 1− k

x
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Improving linear operators algebraically

I The good (automatic and efficient)
I + and · are commutative and associative, with identities 0 and 1,
I g1 + (g1 + g2) = 2 · g1 + g2,
I Q arithmetic (so 1

1−0 x = x).

I The bad
I value, simplify∫∫∫

exp(x · y · z) · h(x , y , z) dz dy dx

I The ugly (but rather effective)
I Follow the grammar of patently linear expressions (not “just” syntax)
I Keep control flow intact (i.e. when sub-expressions must be patently

linear)
I Push integrals “inwards” when ~ does not depend on integ. var.
I Reduce integral bounds by pulling domain information from If
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Two human-useful program transformations

I Banish n levels. Example for 1 level:∫ ∞
−∞

∫ 1

0

∫ 2

−2
f (w , z , y)h(z ,w)dy dw dz

7→∫ 1

0

∫ ∞
−∞

∫ 2

−2
f (w , z , y)h(z ,w)dy dz dw

I Reparametrization:∫ b

a
g(x)h(f (x))dx 7→

∫ f (b)

f (a)

g(f −1(z))h(z)
f ′(f −1(z)) dz

assuming f is differentiable and monotone increasing.
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Next steps

I Arrays:

Bind(Gaussian(0, 1), x ,
Bind(Plate(ary(n, i ,Weight(D(Gaussian(x , 1), ti ),Ret(Unit)))), ys,

Ret(x)))

7→

Weight(e
(Σn

i=1ti )2−nΣn
i=1t2

i −Σn
i=1t2

i
2n+2√

2n+1πn(2 + 2n)
,Gaussian( 1

n + 1Σn
i=1ti ,

1√
n + 1

))

I Domain restriction arithmetic
∫ ∞
−∞

0 x < a

1 otherwise
·

−1 x < a + 5

0 otherwise
h(x) dx 7→

∫ a+5

a
−h(x) dx
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Hakaru

Play with it: https://github.com/hakaru-dev/hakaru

https://github.com/hakaru-dev/hakaru

