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Rigorous Simulation
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Traditional simulation

• No guarantee that behavior computed 
is consistent with model used.

• Numerical artifacts

• Integration drift

• Singularities often ignored

• Zeno behavior



Related Fields: Strengths

• Simulink:  Lots of models (IP)

• Mathematica, Maple:  Symbolic alg.

• ML, Haskell:  Expressivity, concurrency

• HA, e.g. CHARON:  Formal proof

• Modelica, Verilog-AMS:  Equations



Related Fields: Weakness

• Simulink:  Numeric semantics...

• Mathematica, Maple:  Req. closed form

• ML, Haskell:  “Indeterminism”

• HA, e.g. CHARON:  Scalability

• Modelica, Verilog-AMS:  Semantics...



Rest of this talk
• Enclosure methods

• Enclosing continuous behaviors

• Enclosing hybrid systems

• Basic theory, and dealing with Zeno

• Remark on industrial applications

• Current activity:  BTA



Idea: Enclosure methods
• Always guarantee 

that solution is 
enclosed

• Can compute more 
precise answers as 
needed

• But can they be 
mechanized?



Continuous behaviors
• An elegant, very general method exists:  

• Picard iteration

• Key challenge:  Extending to proper enclosures
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Event detection
• Enclosures provide a 

natural method for event 
detection (root find)

• Basic idea:

• Mean value theorem

• It’s OK to say “I don’t 
know”



Reset maps
• Assume worst 

case behavior

• Note:  Still 
need to know it 
was only *one* 
event that 
occurred in 
that interval
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A bouncing ball



Zeno Behavior
• A real problem for rigid body dynamics 

with impacts 

• A bouncing ball comes to rest in finite 
time, but it does so with an infinite 
number of bounce events!



Enclosing Zeno
• Idea:  We can actually relax that requirement if 

we know that a repeat event does NOT enlarge 
the enclosure we start with



Enclosing Zeno, Take I
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Fix:  Over-constraining

• Enforce domain constraints (intersect)

• Example:  x >= 0

• Constraining speed based on explicit 
energy

• Example:  A notion of energy



Enclosing Zeno, Take II
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Enclosing Zeno, Take III
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Empire State Building





Technical results

• Proper interval Picard converges

• Event detection is sound

• Zeno method is sound



Next Generation Testing



Uncertainty-aware design



Activity in NG-Test
• Analysis of ISO 26262-3

• Defining high-level models of test 
scenarios

• Vehicles, controls, sensors

• Using enclosures to establish bounds 
on severity of collisions

• Gradual model refinement is key



Conclusions
• Using enclosures 

• ensures that any answer produced is 
correct

• simplifies correct event detection

• admits an elegant way of handling 
certain classes of Zeno behavior

• benefits from over-constraining



Future work

• Algorithmic complexity

• Performance on larger models (mainly 
drawn from the robotics domain)

• Methods to limit loss of precision 
during continuous segments

• Extending language expressivity



Whence BTA?
• Quick demo of tool

• Current implementation uses only 
subset, supporting only “directed 
equation”

• Extending expressivity requires adding:

• “Static” partial derivatives

• Converting DAEs to basic subset



Equational models
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From Acumen to DAEs



From Acumen to DAEs



Whence BTA?
• Current activity:

• Defining BTA rules

• Defining BTA constraint language

• Defining constraint generation

• Defining constraint solving

• Proving the soundness of it all



Thank you!

• Checkout 

• effective-modeling.org

• acumen-language.org




