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A tiny bit of context

Probabilistic programming automates conditioning.
We can implement conditioning via disintegration.

Disintegration needs to handle programs with arrays.



Probabilistic inference

Model: Naive Bayes

n a Ny =1 for each w € Words
| B « Dirichlet(n) for each z € Labels
? a; =1 for each z € Labels
; 6 « Dirichlet(e)
7 1 z4 «~ Categorical(6) for each d € Docs
B w Wan < Categorical(8,,) for each d € Docs,
z " ne{l,...|d}

Inference: Gibbs sampling



Resnik & Hardisty 2010

242 Choice of Priors and Simplifying the Joint Probability Expression
So why did we pick the Dirichlet distribution as our prior for 8o and 01 and the Beta distribution as our
prior for 57 Let's look at what happens in the process of simplifying the joint distribution and see what
happens to our estimates of @ (where this can be cither 8 or 8,) and  once we observe some evidence (i
the words from  single document). Usiag (19) and (21) from above:

PlriLivas o) = PELRP(H110) 8
® [F0-%) [Pt -met] (29)
o ®OHm( —g)Cotreet (30)
Likewise, for @ using (24) and (25) from above:
P(OW,iv)) = P(W,|0)P(6ly,)
(&)
1w use the words in al of the documents of a given class, thea we have:
PO.[Civy) x J[oX5-et (32)
P(C,L,7,00,0i;p) o xC ¥ (1 —x)Co* ' (33)
Integrate out hidden variable:
PG, 80,815 ) o E015-220) FOLE 2T Cot 1) [ g remictgi@somct (g

T(3)l (o) TN +7e1 +7e0)

Deriving Gibbs for Naive Bayes

The conditional distribution for our Gibbs sampler

P(Ly, W, L), €9, 0,0, 1)

P(L[LED,C9,00,0,; p) = (41)
- (2)
Becomes:
= Z[LD, ¢ e Cetre=1l Thow

And now we are ready to
write the inference

algorithm!



Gibbs sampler for Naive Bayes

2.5.4 Putting it all together
Initialization. Define the priors as in Section 2.2 and initialize them as described in Section 2.3.

1
2:
3: if j is not a training document then

4 Subtract j’s word counts from the total word counts of whatever class it’s currently a member of
5: Subtract 1 from the count of documents with label L;

6 Assign a new label L{"*" to document j as described at the end of Section 2.5.1

7 Add 1 to the count of documents with label L{"*"

8: Add j's word counts to the total word counts for class L;‘“)

9: end if

10:  end for

11:  tgo := vector of total word counts from class 0, including pseudocounts

12: @, ~ Dirichlet(to), as described in Section 2.5.2

13:  t, := vector of total word counts from class 1, including pseudocounts

14: @, ~ Dirichlet(t, ), as described in Section 2.5.2

15: end for

Resnik & Hardisty 2010



Probabilistic inference

Model: LDA
n 1% nw=1 for each w € Words
1 B « Dirichlet(n) for each z € Labels
? a, =1 for each z € Labels
é 64 « Dirichlet(a) for each d € Docs
i l Zdn <« Categorical(6,) for each d € Docs,
B w ne{l,...,|d|}
= d wan ~ Categorical(B,,,) foreach d € Docs,
ne{l,...,|d|}

Inference: Gibbs sampling



Gibbs sampler for LDA

@ initialisation
zero all count variables, ns’,n,,,n",
for all documents m € [1, M] do
for all words n € [1,N,,] in document m do
sample topic index z,.=k ~ Mult(1/K)
increment document-topic count: Y’ + 1
increment document-—topic sum: ,, + 1
increment topic—term count: n{” + 1
increment topic-term sum: n; + 1
end for
end for
@ Gibbs sampling over burn-in period and sampling period
while not finished do
for all documents m € [1, M] do
for all words » € [1,N,,] in document m do
@ for the current assignment of & to a term ¢ for word w,, .
decrement counts and sums: n’ — 1;n, — Lin’ — Lim = 1
© multinomial sampling acc. to Eq. 79 (decrements from previous step):
sample topic index k ~ p(z[Z., ¥)
© use the new assignment of z,,., to the term  for word w,, , to:
increment counts and sums: nl + 1;n,, + Lin + Limg+1
end for
end for
@ check convergence and read out parameters
if converged and L sampling iterations since last read out then
@ the different parameters read outs are averaged.
read out parameter set @ according to Eq. 82
read out parameter set 8 according to Eq. 83
end if
end while

Fig. 8. Gibbs sampling algorithm for latent Dirichlet allocation

Parameter estimation for text analysis, G. Heinrich (2005)



Probabilistic inference

Model: LDA

n a nw=1 for each w € Words

; B « Dirichlet(n) for each z € Labels

? a; =1 for each z € Labels

é 64 « Dirichlet(a) for each d € Docs

; l Zan < Categorical(§;)  for each d € Docs,
B w ne{l,...,|d|}

£ d wan ~ Categorical(f,,,) foreach d € Docs,
ne{l,...,|d|}

Inference: Variational EM



Variational EM for LDA

(1) initialize ¢gi :=1/kforalliand n
2) initialize y; := a; +N/k for all i

3) repeat

4) forn=1toN

5 fori=1tok

(6) = Baw, exp((¥]))
7 normalize ¢%,'! to sumto 1.

®) YHi=a+3l 4
9) until convergence

Figure 6: A variational inference algorithm for LDA.

Blei et al (2003)



Probabilistic programming

Decouple model from inference



Probabilistic programming

Decouple model from inference

Perform inference via conditioning



Conditioning a “noisy measurement”

do {x «~ normal 2 3; Pr(A,B) =Pr(A | B) Pr(B)
n«mnormal 01;
return (x+n,n)} Pr(A) is the distribution over the sum

Pr(B) is the distribution over the noise

Inference question: what is Pr(B | A)?



Conditioning via disintegration

Known to statisticians
(Pachl 1978, Chang & Pollard 1997, Fremlin 2000)


http://homes.soic.indiana.edu/ccshan/rational/disintegrator.pdf

Conditioning via disintegration

Known to statisticians
(Pachl 1978, Chang & Pollard 1997, Fremlin 2000)

Algorithm by Chung-chieh Shan and Norman Ramsey (2016)

http://homes.soic.indiana.edu/ccshan/rational/disintegrator.pdf


http://homes.soic.indiana.edu/ccshan/rational/disintegrator.pdf

The input language

Variables x
Real numbers r € R
Terms e=x
| r|-e|e+e|normalDrre
| ()] (e1,e2) | fste|snde
| lebesgue | normal r
| return e ’ do {x «~¢;e} | do {factor ¢; e}
Types a,f:=1|R|axp|Ma



Disintegration decomposes measures

disintegrate : Ml (a« x §) - (M a, a — M )



Disintegration decomposes measures

disintegrate : Ml (a« x §) - (M a, a — M )

m = do {



Disintegration decomposes measures

disintegrate : Ml (a« x §) - (M a, a — M )

m = do {t « fst (disintegrate m);



Disintegration decomposes measures

disintegrate : Ml (a« x §) - (M a, a — M )

m = do {t « fst (disintegrate m);
p « snd (disintegrate m) t;



Disintegration decomposes measures

disintegrate : Ml (a« x §) - (M a, a — M )

m = do {t « fst (disintegrate m);
p « snd (disintegrate m) t;
return (¢,p)}



Disintegration decomposes measures

disintegrate : Ml (R x §) - (MR, R — M B)

m = do {t « lebesgue;
p « snd (disintegrate m) t;
return (¢,p)}



Let’s consider the special case

disintegrate : Ml (R x ) — (R — M B)

m = do {t « lebesgue;
p « disintegrate m t;
return (¢,p)}



Let’s consider the special case

disintegrate : Ml (R x ) — (R — M B)

m = do {t « lebesgue;
p « disintegrate m t;
return (¢,p)}

This is our specification.



Conditioning a noisy measurement

m =

do {x «~ normal 2 3;
n+« normal 0 1;
return (x+n,n)}



Conditioning a noisy measurement

m = disintegrate m t = do {/ < normal 0 1;

do {x «~normal 2 3; factor (normalD 23 (t-/));
n«mnormal 0 1; o ;Ztﬁ;ﬁ Et ~ 0
return (x+n,n)} return 1} !



Conditioning a noisy measurement

m = disintegrate m t = do {/ < normal 0 1;

do {x «~normal 2 3; factor (normalD 23 (t-/));
n ~ normal 0 1; x - return (i -£);
return (x+n,n)} return 1} !

From the specification:

do {x ~normal23; = do {t« lebesgue;
n« normal 0 1; n«do {/ «normal 0 1;
return (x+n,n)} factor (normalD 2 3 (t-/));

x « return (t —{);

n « return /;

return n};
return (t,n)}



The extended language used by the disintegrator

Variables
Locations

=l R

Real numbers r € R

Bindings
Heap

Terms

Types

b:::Eeve]factore

ho= [bybz,'...;b”}

en=x|X

r|—-e|e+e|normalDrre

()] (er,e2) | fste|snde

lebesgue | normal r r

return e | do {x «~¢; e} | do {factor¢; e}
1|Rlaxp|Ma

?



The disintegrator is a lazy partial evaluator

> (“perform”) theap — [Ma| — (emission x heap x |a])
> (“evaluate”) theap — [a] — (emission x heap x |a|)
< (“constrain outcome”) : heap — [M a| — o] — (emission X heap)

a4 (“constrain value”)  :heap — [a]  — |a] — (emission x heap)



The definition of disintegrate

> (“perform”) :heap — [M a] — (emission x heap x |&])
> (“evaluate”) theap — [a]  — (emission X heap x |&])
<1 (“constrain outcome”) : heap — [M a] — |a| — (emission x heap)
< (“constrain value”)  :heap — [a] = |a] — (emission x heap)

disintegrate : M (R x g) — (R — M B)
disintegrate m t = let (¢1 , /11 ,v) =1>[| m
(e2,h2) =< hy (fst o)t
in do {ey; ep; ho; return (snd v)}



The definition of disintegrate

> (“perform”) :heap — [M a] — (emission x heap x |&])
> (“evaluate”) theap — [a]  — (emission X heap x |&])
<1 (“constrain outcome”) : heap — [M a| — |a] — (emission X heap)
< (“constrain value”)  :heap — [a]  — |a] — (emission x heap)

disintegrate : M (R x g) — (R — M B)
disintegrate m t = let (¢1 , /11 ,v) =1>[| m
(e2,h2) =< hy (fst o)t
in do {ey; ep; ho; return (snd v)}

For example, consider the “noisy measurement” model

m = do {x «~ normal 2 3;
n«normal 0 1;
return (x+n,n)}



Step1: > || m

Store probabilistic choices and weights on the heap




Step1: > || m

Store probabilistic choices and weights on the heap

> ] [do {x « normal 2 3;
n«normal 0 1;
return (x+n,n)}]




Step1: > || m

Store probabilistic choices and weights on the heap

o> ] [do {x «~ normal 2 3;
n«normal 0 1;
return (x+n,n)}]

[> [X¥ « normal 2 3] [do {n «~normal 0 1;
return (X+n,n)}]




Step1: > || m

Store probabilistic choices and weights on the heap

o> ] [do {x «~ normal 2 3;
n«normal 0 1;
return (x+n,n)}]

[> [X¥ « normal 2 3] [do {n «~normal 0 1;
return (X+n,n)}]

> [¥ « normal 2 3,7 « normal 0 1| [return (¥ +7,7)]




Step1: > || m

Store probabilistic choices and weights on the heap

o> ] [do {x «~ normal 2 3;
n«normal 0 1;
return (x+n,n)}]

[> [X¥ « normal 2 3] [do {n «~normal 0 1;
return (X+n,n)}]

> [¥ « normal 2 3,7 « normal 0 1| [return (¥ +7,7)]

> [X«normal23;7«normal 01] [(X+7,7)]

= (H , [i«normalZS;ﬁ«vnormaIO 1} , [[(Y+ﬁ,ﬁ)]])



Step 2: < Iy (fst v) ¢

> lazily emits bindings
< clamps bindings and pushes weights onto the heap



Step 2: < Iy (fst v) ¢

[< [¥«normal 2 3;7 « normal 0 1] [X +7] ¢

> lazily emits bindings
< clamps bindings and pushes weights onto the heap



Step 2: < Iy (fst v) ¢

[< [¥«normal 2 3;7 « normal 0 1] [X +7] ¢

[> [¥ < normal 2 3;7 « normal 0 1] [7]

> lazily emits bindings
< clamps bindings and pushes weights onto the heap



Step 2: < Iy (fst v) ¢

[< [¥«normal 2 3;7 « normal 0 1] [X +7] ¢

[> [¥ < normal 2 3;7 « normal 0 1] [7]

r < normal 23 [normal 01]
= ([t~ normal 01, [~ normal 23], [¢])

|=> ([{~normal 01], [X¥« normal 2 3;7 « return [(]] , [£])

L

=

> lazily emits bindings
< clamps bindings and pushes weights onto the heap



Step 2: < Iy (fst v) ¢

[< [¥«normal 2 3;7 « normal 0 1] [X +7] ¢

[> [¥ < normal 2 3;7 « normal 0 1] [7]

a125] [normal 01]

T normal 23], [¢])

|=> ([{ ~normal 01], [X¥« normal 2 3;7 « return [(]] , [£])
[< [¥« normal 2 3;7 « return [(]] [x] (t-[¢])

|:-m [normal 23] (¢~ [¢])

— ([], [factor (normalD 23 (¢~ [1]))])

=

=

> lazily emits bindings
< clamps bindings and pushes weights onto the heap



Step 2: < Iy (fst v) ¢

[< [¥«normal 2 3;7 « normal 0 1] [X +7] ¢

[> [¥ < normal 2 3;7 « normal 0 1] [7]

123], 1))

|=> ([{ ~normal 01], [X¥« normal 2 3;7 « return [(]] , [£])
[< [¥« normal 2 3;7 « return [(]] [x] (t-[¢])

|:-m [normal 23] (¢~ [¢])

— ([], [factor (normalD 23 (¢~ [1]))])

factor (normalD 2 3 (t - [¢]));
= (H , |:xevreturn (t=1e1); :|)

7 « return [[/]

> lazily emits bindings
< clamps bindings and pushes weights onto the heap



Step 2: < Iy (fst v) ¢

[< [¥«normal 2 3;7 « normal 0 1] [X +7] ¢

[> [¥ < normal 2 3;7 « normal 0 1] [7]

5 (¥~ normal 23] [normal 01]
[:. ([¢~normal 01], %~ normal 23] , [¢])

|=> ([{ ~normal 01], [X¥« normal 2 3;7 « return [(]] , [£])
[< [¥« normal 2 3;7 « return [(]] [x] (t-[¢])

1] [normal 23] (¢~ [¢])
= ([] , [factor (normalD 23 (t~ []))])

, | X« return (¢t - [{]);

factor (normalD 2 3 (t - [¢]));
-]

7 « return [[/]

= | [(~normal 01], |« return (t- [/]);
7 « return [[/]

factor (normalD 23 (t - [[/ﬂ)),:| )

> lazily emits bindings
< clamps bindings and pushes weights onto the heap



Step 3: putting it together

m = do {x «~ normal 2 3;
n«mnormal 0 1;
return (x+n,n)}

disintegrate m t = let (¢; , 1y ,v) =1> || m
(132 , l’lz) =< (fSt Z)) t

in do {ey; ey; hy; return (snd v) }

=do {/ « normal 0 1;
factor (normalD 2 3 (t-Y));
x « return (t-/();
n « return ¢;
return n}



A pair of noisy measurements

1-D case 2-D case

m = do {x «~ normal 2 3;
n«normal 0 1;
return (x+n,n)}



A pair of noisy measurements

1-D case 2-D case

m = do {x «~ normal 2 3; m = do {n«normal 0 1;
n«mnormal 0 1; p «~do {x; «~normal 2 3;
return (x+n,n)} Xp «~ normal 2 3;
return (x1+n,x+n)};
return (p,n)}



A pair of noisy measurements

1-D case 2-D case

m = do {x «~ normal 2 3; m = do {n «~normal 0 1;

n«mnormal 0 1; p «~do {x; «~normal 2 3;
return (x+n,n)} Xp «~normal 2 3;

return (x1+n,x+n)};

disintegrate m t = return (p,n)}

do {/ < normal 0 1;
factor (normalD 23 (t-/));
x « return (t-/);
n « return ¢;
return n}



A pair of noisy measurements

1-D case 2-D case

m = do {x «~ normal 2 3; m = do {n«normal 0 1;
n«mnormal 0 1; p «~do {x; «~normal 2 3;
return (x+n,n)} X, «~normal 2 3;
return (x1+n,x+n)};

disintegrate m t = return "
do {/ < normal 0 1; (p,n)}

factor (normalD 23 (t-/)); disintegrate 1 { —
x « return (t-{);

1 « return (; do {/« normal 01;

return 1} n « return [(];
factor (normalD 2 3 (fst t - [{])));
x1 « return (fst t - [(]);
factor (normalD 2 3 (snd ¢t - [[{]));
xp « return (snd t - [(]);
p < return f;
return n}



Step1: > || m

1-D case

> [| [do {x <~ normal 2 3;
n«mnormal 0 1;
return (x+n,n)}]

— (H ) Fwnormal 23;} ) ﬂ(f+ﬁlﬁ)ﬂ)

7« normal 0 1

2-D case




Step1: > || m

1-D case 2-D case

> [| [do {x <~ normal 2 3; > [] [do {n «~normal 0 1;
n«mnormal 0 1; p« do {x; «normal 2 3;
return (x+n,n)}] X «~normal 2 3;

return (x;+n,x+n)};
return (p,n)}]

7« normal 0 1

_ (H ) Fwnormal 23,} ,[[(?Wﬁ)]])




Step1: > || m

1-D case 2-D case

> [| [do {x « normal 2 3; > || [do {n «normal 0 1;
n«mnormal 0 1; p« do {x; «normal 2 3;
return (x+n,n)}] X «~normal 2 3;

return (x;+n,x+n)};
return (p,n)}]

7« normal 0 1

— (H ) Fwnormal 23;} ) ﬂ(f+ﬁlﬁ)ﬂ)

71« normal 01;

P« do {x; «~ normal 2 3; _
X «~normal 2 3; A I
return (x;+7,x+7)}




Step 2: < Iy (fst v) ¢

1-D case 2-D case

X« normal 2 3;
71« normal 0 1

J [x+7] ¢

{ Tv\v\omalﬂ\ ]

N

factor (normalD 2 3 (¢ - [(]));
= | [(~normal 01] , |¥ « return (t-[(]);

7 « return [[(]

] we-



Step 2: < hy (fst v)

1-D case

X« normal 2 3;
71« normal 0 1

" < normal 2 x
u «~normal 01 [["ﬂ

J [x+7] ¢

7o teturn M [=] ¢~ 1D

[ T~nam\all”&
:>(l«~nm'mal()'l] {

factor (normalD 2 3 (t - [1]));
1

X« return (- [(]);
7« return [(]

)

2-D case

7 «~mnormal 0 1;

P« do {x; « normal 2 3; _
Xy «normal 2 3; Il ¢
return (x; +7,x,+7)}

< [t ~normal 0 1;% « normal 2 3;%; ~ normal 23] [(¥+7, % +7)] t

4 [T« normal 0 1;¥7 « normal 2 3;%; « normal 2 3] [X7+7] (fst t)

factor (normalD 23 (fst t - [(]))
«return (fst - [/]);
¥ ~normal 23

[F+7] (snd 1)

{: « return [[(];

7l « return [(];

factor (normalD 2 3 (fst ¢t - [{]))
X1 « return (fst £ - [(]);

factor (normalD 2 3 (snd t - [(]));
X, « return (snd t - [{]);
P < return t

= [/ «~ normal 0 1] ,




New input language: add literal arrays and indexing

Variables X
Real numbers r € R
Terms en=x
| r|-e|e+e|normalDrre
()] (e1,ex) | fste|snde

(e1,€0,...,eq) | idxer

return e | do {x <~ ¢; e} | do {factor ¢; ¢}

|
|
| lebesgue ] normal r v
|
Types 0,Bf:u=1|R|axp]|(a)|Ma



A collection of five noisy measurements
2-D case 5-D case

m = do {n «~normal 0 1;
p «do {x; ~normal 2 3;
Xp « normal 2 3;
return (x1+n,x+n)};
return (p,n)}



A collection of five noisy measurements

2-D case 5-D case
m = do {n «~normal 0 1; m = do {n«normal 01;
p«do {x; «~normal 2 3; p«do {xy« normal 2 3;
Xp « normal 2 3; X1 «~ normal 2 3;
return (x1+n,x+n)}; Xp « normal 2 3;
return (p,n)} x3 « normal 2 3;

X4 «~normal 2 3;
return (xo+1,X1+1,..., X4+ 1) };
return (p,n)}



A collection of five noisy measurements

2-D case 5-D case
m = do {n «~normal 0 1; m = do {n«normal 01;
p«do {x; «~normal 2 3; p«do {xy« normal 2 3;
Xp « normal 2 3; X1 «~ normal 2 3;
return (x1+n,x+n)}; Xp « normal 2 3;
return (p,n)} x3 « normal 2 3;
X4 «~normal 2 3;
disintegrate m t = return (xo+1,X1+1,..., X4+ 1) };
do {/ <« normal 0 1; return (p,n)}

1 « return [(];

factor (normalD 2 3 (fst t - [¢]]));
x1 <~ return (fst £ - [¢]);

factor (normalD 2 3 (snd t - [{]));
xp « return (snd t - [[(]);

p «~ return t;

return n}



A collection of five noisy measurements

2-D case 5-D case
m = do {n «~normal 0 1; m = do {n «~normal 0 1;
p«do {x; «~normal 2 3; p«do {xy« normal 2 3;
Xp « normal 2 3; X1 «~ normal 2 3;
return (x1+n,x+n)}; Xy «~normal 2 3;
return (p,n)} x3 « normal 2 3;
X4 «~normal 2 3;
disintegrate m t = return (xo+1,X1+1,..., X4+ 1) };
do {/ <« normal 0 1; return (p,n)}

1 « return [(];

factor (normalD 2 3 (fstt - [(]));
x1 <~ return (fst £ - [¢]);

factor (normalD 2 3 (snd t - [{]));
xp « return (snd t - [[(]);

p «~ return t;

return n}

disintegrate m t =

do {/ <« normal 0 1;
1 « return [(];
factor (normalD 2 3 (idx t 0—[[¢]));
xo « return (idx t 0= [¢]);
factor (normalD 2 3 (idx t 1-[(]));
x1 <~ return (idx t 1= [¢]);

factor (normalD 2 3 (idx t 4 - [[{]));
x4 < return (idx t 4 - [¢]);

p < return t;

return n}



Internal language: use heaps and locations as before

Variables

=

=

Locations

Real numbers r € R

Bindings b:=X«e | factore
Heap ha= [bi;by;...;by)
Terms en=x|%

| r|-e|e+e|normalDrre
()] (er,e2) | fste|snde
(e1,€3,...,e4) | idxer

return e | do {x «~ ¢; e} | do {factor ¢; ¢}

|
|
] lebesgue ] normal r v
|
Types t,fu=1|R|laxp|(a)|Ma



Step 2: < Iy (fst v) ¢
2-D case

7 « normal 0 1;

7« do {x; ~ normal 23; _
X, « normal 2 3; [Pt
return (x; +7,x+7)}

af

o [7~ normal 01,7 ~

~normal 0 1;¥7 « normal 23,37 ~ normal 2 3] [(F+7, %5 +7)] t

normal 23,55 « normal 23] [F7-+7] (fst £)

Vi) [z 7 (snd )

i~ return [€];

factor (normalD 23 (fst t ~ [(]));
7w 1 |71« return (fst t - [(]);

= | [femormal 011, e tor (normalD 23 (snd ¢ - [1]));
¥;  return (snd i~ [(]);

P~ return

5-D case



Step 2: < Iy (fst v) ¢
2-D case

7« normal 0 1;

P do {x; ~normal 23; _
X, « normal 2 3; [pt
return (x1+7,%+7) }

< [71 ~normal 0 1;%7 ~ normal 23;%; ~ normal 23] [(¥7+7, %z +7)] t

"o [T~ normal 0 177 ~ normal 23,77 ~ normal 23] [F7+7] (fst t)

Tl it
actor (normalD 23 (fst 1= [(1))| 1
~retumn (fst t~ [(]); [%5+7] (snd 1)
“normal 23

77« return [(];
factor (normalD 23 (fst t ~ [(]));
7w 37 « return (fst t - [(]);
= | [+ normal 011, [l ior (normalD 2.3 (snd - [£]));
3 ~ return (snd - [£]);
7~ return ¢

5-D case

7« normal 0 1;
P« do {xg <~ normal 2 3;

< [7i«normal 0 1;%) « normal 2 3; % « normal 23;

o 7~ normal 011, ~ normal 23;

X1« normal 2 3;

[pl ¢
X4« normal 2 3;
return (xg+7, X7 +7,..., X4 +71) }

[%+7] (idx 1 0)
(37 +7) (idx £ 1)

7« return (idx £ 0 [£]) ;¥ « normal 23;

- return (idx 1 1= [£]);...;%5 ~ normal 2 3] [<+7] (idx t 4)

7« return [(];

factor (normalD 23 (idx t 0 [[]));
X0 « return (idx t 0- [/]);

factor (normalD 23 (idx t 1-[[/]));

— | [¢~normal 01], 7 « return (idx t 1-[]);

factor (normalD 2 3 (idx 4 - [(]));
X « return (idx t 4 - [(]);
P < return t



For large arrays we could use plate

Say plate is a macro:



For large arrays we could use plate

Say plate is a macro:

plate nim =
do {xg «~m{i — 0};
xp «mfi—1};

Xy_1~m{i—n—1};
return (xg,x1,...,X,_1)}



For large arrays we could use plate

Say plate is a macro: We could express a hundred noisy
measurements as:

platenim =
do {xg «~ m{i— 0}; do {n «~normal 0 1;

xp ~m{i—1}; p « plate 100 _ (do {x « normal 2 3;
. return (x+n)});

Xp1em{i—n—1} return (p, 1)}

return (xg,x1,...,X,_1)}



For large arrays we could use plate

Say plate is a macro: We could express a hundred noisy
measurements as:

platenim =
do {xg «~ m{i— 0}; do {n «~normal 0 1;

xp ~m{i—1}; p « plate 100 _ (do {x « normal 2 3;
. return (x+n)});

Xy_1~m{i—n—1}; return (p, 1)}

return (xg,x1,...,X,_1)}
While unrolling is correct in principle, we
could do better with an abstract
approach.



Input language: add array and plate as primitives

Variables X
Real numbers r € R
Terms en=x
| r|-e|e+e|normalDrre
| O] (e1,e2)|fste|snde
| arrayexe|p1ateexe|idxex
| lebesgue ] normal r v
| returne | do {x«~¢; e} | do {factor¢; e}
Types 0,Bf:u=1|R|axp]|(a) | Ma



A collection of many noisy measurements

5-D case k-D case

m = do {n«~normal 0 1;
p < do {xg «~ normal 2 3;
X1« normal 2 3;
X7 « normal 2 3;
X3« normal 2 3;
X4 ~normal 2 3;
return (Xo+1,X1+1,..., X +1)};
return (p,n)}



A collection of many noisy measurements

5-D case k-D case
m = do {1 « normal 0 1; m = do {n «~normal 0 1;
p < do {xg ~normal 2 3; p«plate ki (do {x «~ normal 2 3;

X1« normal 2 3;

X7 « normal 2 3;

X3« normal 2 3;

X4 ~normal 2 3;

return (Xo+1,X1+1,..., X +1)};
return (p,n)}

return (x+n)});
return (p,n)}



A collection of many noisy measurements

5-D case k-D case
m = do {n«~normal 0 1; m=do {n«vnormalol;
p < do {xg ~normal 2 3; p«plate ki (do {x «~ normal 2 3;

X1« normal 2 3;

X, «~-normal 2 3;

x3 «~~normal 2 3;

X4 ~normal 2 3;

return (xg+n,x1+1,..., X4 +n)};
return (p,n)}

return (x+n)});
return (p,n)}

disintegrate m t =

do {/ <~ normal 0 1;
n « return [(];
factor (normalD 2 3 (idx t 0- [¢]));
xo « return (idx t 0—[£]);
factor (normalD 2 3 (idx t 1-[(])));
x1 < return (idx t 1-[£]);

factor (normalD 2 3 (idx t 4 [[(])));
x4 « return (idx t 4 - [(]);

p « return f;

return n}



A collection of many noisy measurements

5-D case k-D case
m = do {n«~normal 0 1; m=do {n«normalOl;
p«do {xo < normal 23; p«plate ki (do {x «~ normal 2 3;

X1« normal 2 3;

X, «~-normal 2 3;

x3 «~~normal 2 3;

x4 «~~normal 2 3;

return (xg+n,x1+1,..., X4 +n)};
return (p,n)}

return (x+n)});
return (p,n)}

disintegrate m t =
do {/ <~ normal 0 1;

n « return [(]; disintegrate m t =

factor (normalD 23 (idx t 0~ [(])); do {/«normal 01;

xg « return (idx t 0= [(]); n « return [(];

factor (normalD 23 (idx t 1-[(])); _« plate k i (factor (normalD 2 3 (idx ¢ - Iem);
x1 < return (idx t 1-[£]); X « return (idxtf—[[/’ﬂ);

: p <~ return t;

factor (normalD 2 3 (idx t 4 [[(]))); return n}

xy « return (idx t 4 - [(]));
p « return f;
return n}



Internal language: use indices and multilocs

Variables

=l R

Locations
Indices

Real numbers r €
Bindings n=Xp, g < e | factor g

= [bl}bz} .- -}bn}

Terms en=1x | X[z,..g] } ®z,..9 ]32

e

= o #H =

Heap

| r|-e|e+e|normalDrre
| ()] (e1,e2) | fste|snde
| arrayexe|plateexe|idxex
| lebesgue ] normal r v
| returne | do {x«¢;e} | do {factore; e}
Types =1 |R|T|axp|(a)| Ma



Now the four functions each take a set of indices

> (“perform”) s heap — inds — [M a] — (emission x heap X |a])

> (“evaluate”) Dheap — inds — [a]  — (emission x heap X |a])

<1 (“constrain outcome”) : heap — inds — [Ma| — |a| — (emission x heap)

< (“constrain value”)  :heap — inds — [a]  — |a] — (emission x heap)



Stepl: > [| m

5-D case

t> [| [do {n ~ normal 0 1;
p«do {xg ~normal 23;
X1« normal 2 3;
X, « normal 2 3;
X3« mnormal 2 3;
x4 ~normal 2 3;
return (xo+1,x1+n,..., xg+n)};
return (p,n)}]

7« normal 0 1;
7« do {xp ~normal 23;
x1 < normal 2 3;
=1, X « normal 2 3; SE )]
X3+ normal 2 3;
x4 ~normal 2 3;
return (xo+m,x1+n,...,x4+n)}




Stepl: > [| m

5-D case k-D case

> || [do {n ~ normal 0 1; 5 [| [] [do {1 ~ normal 0 1;
p«do {;117 N :::::} ; 3’ p« plate ki (do {x «~ normal 2 3;
Y, « normal 2.3/ return (x +n)});

X3« mnormal 2 3;
x4 ~normal 2 3;

return (p,n)}]

return (xo+1,Xx1+1,..., xp+m)};
return (p,n)}]
7« normal 0 1;
7« normal 0 1; = [, pj <~ plate ki (do {x «~normal 23; |, [(7, )]
7« do {xp ~normal 23; return (x+7)});
| x; « normal 2 3;

=1, ‘ X, ~normal 2 3; L 17, m)]
x3 ~normal 2 3;
Xy« normal 23;




Step 2: < Iy (fst v) ¢

5-D case k-D case

7« normal 0 1;
P~ do {x« normal 23;
x; ~normal 2 3;
< [Pt
x4 ~normal 2 3;
return (xg +7, %1 +77,..., X4 +T) }

normal 01,5+ normal 23,7 « normal 23;...| [(T+ 3T +7,..., X+ 7)] t
< (7 mormal 01,5 - normal 23| [5+7] (idx £ 0)
o (75« retum (idx £0- [1]) /77« normal 23; | [Fr+7] (idxt1)
o [T e retum (idx 11 [1]) ;... « normal 23] [Fr+7] (idxt4)

71« return [(];

factor (normalD 23 (idx 0~ [£]));
T « return (idx £ 0~ [(]);

factor (normalD 23 (idx  1-[£]));

—s | [« normal 01], ¥« return (idx t 1-[¢]);

factor (normalD 23 (idx 4~ [£]));
Xj « return (idx t 4= [(]);
7~ return




Step 2: < Iy (fst v) ¢

5-D case

7« normal 01;
P« do {x)~normal 23;
x; « normal 23;
a [t

x4 ~normal 2 3;

return (x+ 77,1 +7,

normal 01;%

normal 23,37

< 7+ normal 0177~ normal 23

5+ G

4 [.+-+70 ~ retuen (idx £ 0= [/]) ;77 ~ normal 23

Xy +M)}

normal 23;. | [(¥g+ 7T +7,..., ¥y +7)] t

idxr0)

[7+7] Gidx 1)

o 7 = retum (idx 11 [1]) ;.5 ~ normal 23] [%+7] (idxt4)

71 « return [(];

factor (normalD 2 3 (idx t 0 [£]));
g = return (idx £ 0~ [(]);

factor (normalD 23 (idx t 1~ [£]));
7 < return (idx £ 1 [(]);

= | [(~normal 01],

factor (normalD 23 (idx t 4~ [£]));
X7« return (idx t 4= [(]);
7~ return t

k-D case

N

-

= =

«~mnormal 0 1;
« plate ki (do {x « normal 2 3;
return (x+7)})

I rl¢

[ ~normal 01]

[ﬁ «~mnormal 0 1;

[| [plate ki (do {x«~normal23; ¢t
return (x+7)})]

7« do {x ~normal 23;} 0 1e)] t

return (x+7)}

[

B

1) «~normal 01]

[i] [do {x «~ normal 2 3; (idx t7)
return (x +7)}]
[i| [x+7] (idx t 7)

[ ~normal 0 1;
5« normal 23

71| « return [e1;
(< normal 01], X[ < return (idx t = [4]);
ﬁu « return

factorm (normalD 2 3 (idx t i = [(]));



Summary

Handle conditioning via disintegration
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Implement disintegration via lazy partial evaluation



Summary

Handle conditioning via disintegration
Implement disintegration via lazy partial evaluation

Generalize disintegration to condition arrays



Thank you

https://github.com/hakaru-dev/hakaru
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