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A tiny bit of context

Probabilistic programming automates conditioning.

We can implement conditioning via disintegration.

Disintegration needs to handle programs with arrays.
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Probabilistic inference



Deriving Gibbs for Naive Bayes



Gibbs sampler for Naive Bayes



Probabilistic inference



Gibbs sampler for LDA



Probabilistic inference



Variational EM for LDA



Probabilistic programming

Decouple model from inference

Perform inference via conditioning
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Conditioning a “noisy measurement”

do {x¢ normal 2 3;
n¢ normal 0 1;
return ( x + n , n )}

Pr(A, B) = Pr(A | B)Pr(B)

Pr(A) is the distribution over the sum

Pr(B) is the distribution over the noise

Inference question: what is Pr(B | A)?



Conditioning via disintegration

Known to statisticians
(Pachl 1978, Chang & Pollard 1997, Fremlin 2000)

Algorithm by Chung-chieh Shan and Norman Ramsey (2016)
http://homes.soic.indiana.edu/ccshan/rational/disintegrator.pdf

http://homes.soic.indiana.edu/ccshan/rational/disintegrator.pdf
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The input language

Variables x
Real numbers r ∈ R
Terms e ::= x∣∣ r

∣∣ −e
∣∣ e + e

∣∣ normalD r r e∣∣ ()
∣∣ ( e1 , e2 )

∣∣ fst e
∣∣ snd e∣∣ lebesgue

∣∣ normal r r∣∣ return e
∣∣ do {x¢ e; e}

∣∣ do {factor e; e}
Types α, β ::= 1

∣∣ R ∣∣ α× β
∣∣M α



Disintegration decomposes measures

disintegrate : M (α× β)→ (M α , α→M β)

m ≡ do {

t¢ fst (disintegrate m);
p¢ snd (disintegrate m) t;
return (t, p)}
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Disintegration decomposes measures

disintegrate : M (R× β)→ (M R , R→M β)

m ≡ do {t¢ lebesgue;
p¢ snd (disintegrate m) t;
return (t, p)}



Let’s consider the special case

disintegrate : M (R× β)→ (R→M β)

m ≡ do {t¢ lebesgue;
p¢ disintegrate m t;
return (t, p)}

This is our speci�cation.
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Conditioning a noisy measurement

m =
do {x¢ normal 2 3;

n¢ normal 0 1;
return ( x + n , n )}
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n¢ return `;
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return ( x + n , n )}
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return n};
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The extended language used by the disintegrator

Variables x
Locations x
Real numbers r ∈ R
Bindings b ::= x¢ e

∣∣ factor e
Heap h ::=

[
b1; b2; . . . ; bn

]
Terms e ::= x

∣∣ x∣∣ r
∣∣ −e

∣∣ e + e
∣∣ normalD r r e∣∣ ()

∣∣ ( e1 , e2 )
∣∣ fst e

∣∣ snd e∣∣ lebesgue
∣∣ normal r r∣∣ return e
∣∣ do {x¢ e; e}

∣∣ do {factor e; e}
Types α, β ::= 1

∣∣ R ∣∣ α× β
∣∣M α



The disintegrator is a lazy partial evaluator

B> (“perform”) : heap→ dM αe → (emission× heap× bαc)

. (“evaluate”) : heap→ dαe → (emission× heap× bαc)

<C (“constrain outcome”) : heap→ dM αe → bαc → (emission× heap)

/ (“constrain value”) : heap→ dαe → bαc → (emission× heap)



The de�nition of disintegrate
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Step 1: B> [] m

Store probabilistic choices and weights on the heap



B> [] [[do {x¢ normal 2 3;
n¢ normal 0 1;
return ( x + n , n )}]]

B>
[
x¢ normal 2 3

]
[[do {n¢ normal 0 1;

return ( x + n , n )}]]
B>
[
x¢ normal 2 3 ; n¢ normal 0 1

]
[[return ( x + n , n )]]

.
[
x¢ normal 2 3 ; n¢ normal 0 1

]
[[( x + n , n )]]

=⇒

([]
,
[
x¢ normal 2 3 ; n¢ normal 0 1

]
, [[( x + n , n )]]

)
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Step 2: / h1 (fst v) t



/
[
x¢ normal 2 3 ; n¢ normal 0 1

]
[[x + n]] t



.
[
x¢ normal 2 3 ; n¢ normal 0 1

]
[[n]]



B>
[
x¢ normal 2 3

]
[[normal 0 1]]

=⇒

([
`¢ normal 0 1

]
,
[
x¢ normal 2 3

]
, [[`]]

)

=⇒

([
`¢ normal 0 1

]
,
[
x¢ normal 2 3 ; n¢ return [[`]]

]
, [[`]]

)



/
[
x¢ normal 2 3 ; n¢ return [[`]]

]
[[x]] (t − [[`]])



<C [] [[normal 2 3]] (t − [[`]])

=⇒

([]
,
[
factor (normalD 2 3 (t − [[`]]))

])

=⇒

[] ,
factor (normalD 2 3 (t − [[`]]));

x¢ return (t − [[`]]);
n¢ return [[`]]



=⇒

[`¢ normal 0 1
]
,

factor (normalD 2 3 (t − [[`]]));
x¢ return (t − [[`]]);
n¢ return [[`]]



. lazily emits bindings
/ clamps bindings and pushes weights onto the heap



Step 2: / h1 (fst v) t



/
[
x¢ normal 2 3 ; n¢ normal 0 1

]
[[x + n]] t

.
[
x¢ normal 2 3 ; n¢ normal 0 1

]
[[n]]



B>
[
x¢ normal 2 3

]
[[normal 0 1]]

=⇒

([
`¢ normal 0 1

]
,
[
x¢ normal 2 3

]
, [[`]]

)

=⇒

([
`¢ normal 0 1

]
,
[
x¢ normal 2 3 ; n¢ return [[`]]

]
, [[`]]

)



/
[
x¢ normal 2 3 ; n¢ return [[`]]

]
[[x]] (t − [[`]])



<C [] [[normal 2 3]] (t − [[`]])

=⇒

([]
,
[
factor (normalD 2 3 (t − [[`]]))

])

=⇒

[] ,
factor (normalD 2 3 (t − [[`]]));

x¢ return (t − [[`]]);
n¢ return [[`]]



=⇒

[`¢ normal 0 1
]
,

factor (normalD 2 3 (t − [[`]]));
x¢ return (t − [[`]]);
n¢ return [[`]]



. lazily emits bindings
/ clamps bindings and pushes weights onto the heap



Step 2: / h1 (fst v) t



/
[
x¢ normal 2 3 ; n¢ normal 0 1

]
[[x + n]] t

.
[
x¢ normal 2 3 ; n¢ normal 0 1

]
[[n]]

B> [x¢ normal 2 3
]
[[normal 0 1]]

=⇒
([
`¢ normal 0 1

]
,
[
x¢ normal 2 3

]
, [[`]]

)

=⇒

([
`¢ normal 0 1

]
,
[
x¢ normal 2 3 ; n¢ return [[`]]

]
, [[`]]

)



/
[
x¢ normal 2 3 ; n¢ return [[`]]

]
[[x]] (t − [[`]])



<C [] [[normal 2 3]] (t − [[`]])

=⇒

([]
,
[
factor (normalD 2 3 (t − [[`]]))

])

=⇒

[] ,
factor (normalD 2 3 (t − [[`]]));

x¢ return (t − [[`]]);
n¢ return [[`]]



=⇒

[`¢ normal 0 1
]
,

factor (normalD 2 3 (t − [[`]]));
x¢ return (t − [[`]]);
n¢ return [[`]]



. lazily emits bindings
/ clamps bindings and pushes weights onto the heap



Step 2: / h1 (fst v) t



/
[
x¢ normal 2 3 ; n¢ normal 0 1

]
[[x + n]] t

.
[
x¢ normal 2 3 ; n¢ normal 0 1

]
[[n]]

B> [x¢ normal 2 3
]
[[normal 0 1]]

=⇒
([
`¢ normal 0 1

]
,
[
x¢ normal 2 3

]
, [[`]]

)

=⇒
([
`¢ normal 0 1

]
,
[
x¢ normal 2 3 ; n¢ return [[`]]

]
, [[`]]

)

/
[
x¢ normal 2 3 ; n¢ return [[`]]

]
[[x]] (t − [[`]])



<C [] [[normal 2 3]] (t − [[`]])

=⇒

([]
,
[
factor (normalD 2 3 (t − [[`]]))

])

=⇒

[] ,
factor (normalD 2 3 (t − [[`]]));

x¢ return (t − [[`]]);
n¢ return [[`]]



=⇒

[`¢ normal 0 1
]
,

factor (normalD 2 3 (t − [[`]]));
x¢ return (t − [[`]]);
n¢ return [[`]]



. lazily emits bindings
/ clamps bindings and pushes weights onto the heap



Step 2: / h1 (fst v) t



/
[
x¢ normal 2 3 ; n¢ normal 0 1

]
[[x + n]] t

.
[
x¢ normal 2 3 ; n¢ normal 0 1

]
[[n]]

B> [x¢ normal 2 3
]
[[normal 0 1]]

=⇒
([
`¢ normal 0 1

]
,
[
x¢ normal 2 3

]
, [[`]]

)

=⇒
([
`¢ normal 0 1

]
,
[
x¢ normal 2 3 ; n¢ return [[`]]

]
, [[`]]

)

/
[
x¢ normal 2 3 ; n¢ return [[`]]

]
[[x]] (t − [[`]])

<C [] [[normal 2 3]] (t − [[`]])

=⇒
([]

,
[
factor (normalD 2 3 (t − [[`]]))

])

=⇒

[] ,
factor (normalD 2 3 (t − [[`]]));

x¢ return (t − [[`]]);
n¢ return [[`]]



=⇒

[`¢ normal 0 1
]
,

factor (normalD 2 3 (t − [[`]]));
x¢ return (t − [[`]]);
n¢ return [[`]]



. lazily emits bindings
/ clamps bindings and pushes weights onto the heap



Step 2: / h1 (fst v) t



/
[
x¢ normal 2 3 ; n¢ normal 0 1

]
[[x + n]] t

.
[
x¢ normal 2 3 ; n¢ normal 0 1

]
[[n]]

B> [x¢ normal 2 3
]
[[normal 0 1]]

=⇒
([
`¢ normal 0 1

]
,
[
x¢ normal 2 3

]
, [[`]]

)

=⇒
([
`¢ normal 0 1

]
,
[
x¢ normal 2 3 ; n¢ return [[`]]

]
, [[`]]

)

/
[
x¢ normal 2 3 ; n¢ return [[`]]

]
[[x]] (t − [[`]])

<C [] [[normal 2 3]] (t − [[`]])

=⇒
([]

,
[
factor (normalD 2 3 (t − [[`]]))

])

=⇒

[] ,
factor (normalD 2 3 (t − [[`]]));

x¢ return (t − [[`]]);
n¢ return [[`]]


=⇒

[`¢ normal 0 1
]
,

factor (normalD 2 3 (t − [[`]]));
x¢ return (t − [[`]]);
n¢ return [[`]]



. lazily emits bindings
/ clamps bindings and pushes weights onto the heap



Step 2: / h1 (fst v) t



/
[
x¢ normal 2 3 ; n¢ normal 0 1

]
[[x + n]] t

.
[
x¢ normal 2 3 ; n¢ normal 0 1

]
[[n]]

B> [x¢ normal 2 3
]
[[normal 0 1]]

=⇒
([
`¢ normal 0 1

]
,
[
x¢ normal 2 3

]
, [[`]]

)

=⇒
([
`¢ normal 0 1

]
,
[
x¢ normal 2 3 ; n¢ return [[`]]

]
, [[`]]

)

/
[
x¢ normal 2 3 ; n¢ return [[`]]

]
[[x]] (t − [[`]])

<C [] [[normal 2 3]] (t − [[`]])

=⇒
([]

,
[
factor (normalD 2 3 (t − [[`]]))

])

=⇒

[] ,
factor (normalD 2 3 (t − [[`]]));

x¢ return (t − [[`]]);
n¢ return [[`]]


=⇒

[`¢ normal 0 1
]
,

factor (normalD 2 3 (t − [[`]]));
x¢ return (t − [[`]]);
n¢ return [[`]]



. lazily emits bindings
/ clamps bindings and pushes weights onto the heap



Step 3: putting it together

m = do {x¢ normal 2 3;
n¢ normal 0 1;
return ( x + n , n )}

disintegrate m t = let
(
e1 , h1 , v

)
=B> [] m(

e2 , h2
)
= / h1 (fst v) t

in do {e1; e2; h2; return (snd v)}

= do {`¢ normal 0 1;
factor (normalD 2 3 (t − `));
x¢ return (t − `);
n¢ return `;
return n}



A pair of noisy measurements

1-D case

m = do {x¢ normal 2 3;
n¢ normal 0 1;
return ( x + n , n )}

disintegrate m t =
do {`¢ normal 0 1;

factor (normalD 2 3 (t − `));
x¢ return (t − `);
n¢ return `;
return n}

2-D case

m = do {n¢ normal 0 1;
p¢ do {x1¢ normal 2 3;

x2¢ normal 2 3;
return ( x1 + n , x2 + n )};

return ( p , n )}

disintegrate m t =
do {`¢ normal 0 1;

n¢ return [[`]];
factor (normalD 2 3 (fst t − [[`]]));
x1¢ return (fst t − [[`]]);
factor (normalD 2 3 (snd t − [[`]]));
x2¢ return (snd t − [[`]]);
p¢ return t;
return n}



A pair of noisy measurements

1-D case

m = do {x¢ normal 2 3;
n¢ normal 0 1;
return ( x + n , n )}

disintegrate m t =
do {`¢ normal 0 1;

factor (normalD 2 3 (t − `));
x¢ return (t − `);
n¢ return `;
return n}

2-D case

m = do {n¢ normal 0 1;
p¢ do {x1¢ normal 2 3;

x2¢ normal 2 3;
return ( x1 + n , x2 + n )};

return ( p , n )}

disintegrate m t =
do {`¢ normal 0 1;

n¢ return [[`]];
factor (normalD 2 3 (fst t − [[`]]));
x1¢ return (fst t − [[`]]);
factor (normalD 2 3 (snd t − [[`]]));
x2¢ return (snd t − [[`]]);
p¢ return t;
return n}



A pair of noisy measurements

1-D case

m = do {x¢ normal 2 3;
n¢ normal 0 1;
return ( x + n , n )}

disintegrate m t =
do {`¢ normal 0 1;

factor (normalD 2 3 (t − `));
x¢ return (t − `);
n¢ return `;
return n}

2-D case

m = do {n¢ normal 0 1;
p¢ do {x1¢ normal 2 3;

x2¢ normal 2 3;
return ( x1 + n , x2 + n )};

return ( p , n )}

disintegrate m t =
do {`¢ normal 0 1;

n¢ return [[`]];
factor (normalD 2 3 (fst t − [[`]]));
x1¢ return (fst t − [[`]]);
factor (normalD 2 3 (snd t − [[`]]));
x2¢ return (snd t − [[`]]);
p¢ return t;
return n}



A pair of noisy measurements

1-D case

m = do {x¢ normal 2 3;
n¢ normal 0 1;
return ( x + n , n )}

disintegrate m t =
do {`¢ normal 0 1;

factor (normalD 2 3 (t − `));
x¢ return (t − `);
n¢ return `;
return n}

2-D case

m = do {n¢ normal 0 1;
p¢ do {x1¢ normal 2 3;

x2¢ normal 2 3;
return ( x1 + n , x2 + n )};

return ( p , n )}

disintegrate m t =
do {`¢ normal 0 1;

n¢ return [[`]];
factor (normalD 2 3 (fst t − [[`]]));
x1¢ return (fst t − [[`]]);
factor (normalD 2 3 (snd t − [[`]]));
x2¢ return (snd t − [[`]]);
p¢ return t;
return n}



Step 1: B> [] m

1-D case



B> [] [[do {x¢ normal 2 3;
n¢ normal 0 1;
return ( x + n , n )}]]

...

=⇒
([]

,
[

x¢ normal 2 3;
n¢ normal 0 1

]
, [[( x + n , n )]]

)

2-D case



B> [] [[do {n¢ normal 0 1;
p¢ do {x1¢ normal 2 3;

x2¢ normal 2 3;
return ( x1 + n , x2 + n )};

return ( p , n )}]]
...

=⇒

[] ,


n¢ normal 0 1;
p¢ do {x1¢ normal 2 3;

x2¢ normal 2 3;
return ( x1 + n , x2 + n )}

 , [[( p , n )]]





Step 1: B> [] m

1-D case



B> [] [[do {x¢ normal 2 3;
n¢ normal 0 1;
return ( x + n , n )}]]

...

=⇒
([]

,
[

x¢ normal 2 3;
n¢ normal 0 1

]
, [[( x + n , n )]]

)

2-D case



B> [] [[do {n¢ normal 0 1;
p¢ do {x1¢ normal 2 3;

x2¢ normal 2 3;
return ( x1 + n , x2 + n )};

return ( p , n )}]]
...

=⇒

[] ,


n¢ normal 0 1;
p¢ do {x1¢ normal 2 3;

x2¢ normal 2 3;
return ( x1 + n , x2 + n )}

 , [[( p , n )]]





Step 1: B> [] m

1-D case



B> [] [[do {x¢ normal 2 3;
n¢ normal 0 1;
return ( x + n , n )}]]

...

=⇒
([]

,
[

x¢ normal 2 3;
n¢ normal 0 1

]
, [[( x + n , n )]]

)

2-D case



B> [] [[do {n¢ normal 0 1;
p¢ do {x1¢ normal 2 3;

x2¢ normal 2 3;
return ( x1 + n , x2 + n )};

return ( p , n )}]]
...

=⇒

[] ,


n¢ normal 0 1;
p¢ do {x1¢ normal 2 3;

x2¢ normal 2 3;
return ( x1 + n , x2 + n )}

 , [[( p , n )]]





Step 2: / h1 (fst v) t

1-D case



/

[
x¢ normal 2 3;
n¢ normal 0 1

]
[[x + n]] t


.

[
x¢ normal 2 3;
n¢ normal 0 1

]
[[n]]

...
/

[
x¢ normal 2 3;
n¢ return [[`]]

]
[[x]] (t − [[`]])

...

=⇒

[`¢ normal 0 1
]
,

factor (normalD 2 3 (t − [[`]]));
x¢ return (t − [[`]]);
n¢ return [[`]]



2-D case



/


n¢ normal 0 1;
p¢ do {x1¢ normal 2 3;

x2¢ normal 2 3;
return ( x1 + n , x2 + n )}

 [[p]] t



...

/
[
n¢ normal 0 1 ; x1¢ normal 2 3 ; x2¢ normal 2 3

]
[[( x1 + n , x2 + n )]] t


/
[
n¢ normal 0 1 ; x1¢ normal 2 3 ; x2¢ normal 2 3

]
[[x1 + n]] (fst t)

...
/


n¢ return [[`]];
factor (normalD 2 3 (fst t − [[`]]));
x1¢ return (fst t − [[`]]);
x2¢ normal 2 3

 [[x2 + n]] (snd t)

...

...

=⇒


[
`¢ normal 0 1

]
,


n¢ return [[`]];
factor (normalD 2 3 (fst t − [[`]]));
x1¢ return (fst t − [[`]]);
factor (normalD 2 3 (snd t − [[`]]));
x2¢ return (snd t − [[`]]);
p¢ return t







Step 2: / h1 (fst v) t

1-D case



/

[
x¢ normal 2 3;
n¢ normal 0 1

]
[[x + n]] t


.

[
x¢ normal 2 3;
n¢ normal 0 1

]
[[n]]

...
/

[
x¢ normal 2 3;
n¢ return [[`]]

]
[[x]] (t − [[`]])

...

=⇒

[`¢ normal 0 1
]
,

factor (normalD 2 3 (t − [[`]]));
x¢ return (t − [[`]]);
n¢ return [[`]]



2-D case



/


n¢ normal 0 1;
p¢ do {x1¢ normal 2 3;

x2¢ normal 2 3;
return ( x1 + n , x2 + n )}

 [[p]] t



...

/
[
n¢ normal 0 1 ; x1¢ normal 2 3 ; x2¢ normal 2 3

]
[[( x1 + n , x2 + n )]] t


/
[
n¢ normal 0 1 ; x1¢ normal 2 3 ; x2¢ normal 2 3

]
[[x1 + n]] (fst t)

...
/


n¢ return [[`]];
factor (normalD 2 3 (fst t − [[`]]));
x1¢ return (fst t − [[`]]);
x2¢ normal 2 3

 [[x2 + n]] (snd t)

...

...

=⇒


[
`¢ normal 0 1

]
,


n¢ return [[`]];
factor (normalD 2 3 (fst t − [[`]]));
x1¢ return (fst t − [[`]]);
factor (normalD 2 3 (snd t − [[`]]));
x2¢ return (snd t − [[`]]);
p¢ return t







New input language: add literal arrays and indexing

Variables x
Real numbers r ∈ R
Terms e ::= x∣∣ r

∣∣ −e
∣∣ e + e

∣∣ normalD r r e∣∣ ()
∣∣ ( e1 , e2 )

∣∣ fst e
∣∣ snd e∣∣ 〈e1, e2, . . . , en〉

∣∣ idx e r∣∣ lebesgue
∣∣ normal r r∣∣ return e
∣∣ do {x¢ e; e}

∣∣ do {factor e; e}
Types α, β ::= 1

∣∣ R ∣∣ α× β
∣∣ 〈α〉 ∣∣M α



A collection of �ve noisy measurements

2-D case

m = do {n¢ normal 0 1;
p¢ do {x1¢ normal 2 3;

x2¢ normal 2 3;
return ( x1 + n , x2 + n )};

return ( p , n )}

disintegrate m t =
do {`¢ normal 0 1;

n¢ return [[`]];
factor (normalD 2 3 (fst t − [[`]]));
x1¢ return (fst t − [[`]]);
factor (normalD 2 3 (snd t − [[`]]));
x2¢ return (snd t − [[`]]);
p¢ return t;
return n}

5-D case

m = do {n¢ normal 0 1;
p¢ do {x0¢ normal 2 3;

x1¢ normal 2 3;
x2¢ normal 2 3;
x3¢ normal 2 3;
x4¢ normal 2 3;
return 〈x0 + n, x1 + n, . . . , x4 + n〉};

return ( p , n )}

disintegrate m t =
do {`¢ normal 0 1;

n¢ return [[`]];
factor (normalD 2 3 (idx t 0 − [[`]]));
x0¢ return (idx t 0 − [[`]]);
factor (normalD 2 3 (idx t 1 − [[`]]));
x1¢ return (idx t 1 − [[`]]);
...
factor (normalD 2 3 (idx t 4 − [[`]]));
x4¢ return (idx t 4 − [[`]]);
p¢ return t;
return n}



A collection of �ve noisy measurements

2-D case

m = do {n¢ normal 0 1;
p¢ do {x1¢ normal 2 3;

x2¢ normal 2 3;
return ( x1 + n , x2 + n )};

return ( p , n )}

disintegrate m t =
do {`¢ normal 0 1;

n¢ return [[`]];
factor (normalD 2 3 (fst t − [[`]]));
x1¢ return (fst t − [[`]]);
factor (normalD 2 3 (snd t − [[`]]));
x2¢ return (snd t − [[`]]);
p¢ return t;
return n}

5-D case

m = do {n¢ normal 0 1;
p¢ do {x0¢ normal 2 3;

x1¢ normal 2 3;
x2¢ normal 2 3;
x3¢ normal 2 3;
x4¢ normal 2 3;
return 〈x0 + n, x1 + n, . . . , x4 + n〉};

return ( p , n )}

disintegrate m t =
do {`¢ normal 0 1;

n¢ return [[`]];
factor (normalD 2 3 (idx t 0 − [[`]]));
x0¢ return (idx t 0 − [[`]]);
factor (normalD 2 3 (idx t 1 − [[`]]));
x1¢ return (idx t 1 − [[`]]);
...
factor (normalD 2 3 (idx t 4 − [[`]]));
x4¢ return (idx t 4 − [[`]]);
p¢ return t;
return n}



A collection of �ve noisy measurements

2-D case

m = do {n¢ normal 0 1;
p¢ do {x1¢ normal 2 3;

x2¢ normal 2 3;
return ( x1 + n , x2 + n )};

return ( p , n )}

disintegrate m t =
do {`¢ normal 0 1;

n¢ return [[`]];
factor (normalD 2 3 (fst t − [[`]]));
x1¢ return (fst t − [[`]]);
factor (normalD 2 3 (snd t − [[`]]));
x2¢ return (snd t − [[`]]);
p¢ return t;
return n}

5-D case

m = do {n¢ normal 0 1;
p¢ do {x0¢ normal 2 3;

x1¢ normal 2 3;
x2¢ normal 2 3;
x3¢ normal 2 3;
x4¢ normal 2 3;
return 〈x0 + n, x1 + n, . . . , x4 + n〉};

return ( p , n )}

disintegrate m t =
do {`¢ normal 0 1;

n¢ return [[`]];
factor (normalD 2 3 (idx t 0 − [[`]]));
x0¢ return (idx t 0 − [[`]]);
factor (normalD 2 3 (idx t 1 − [[`]]));
x1¢ return (idx t 1 − [[`]]);
...
factor (normalD 2 3 (idx t 4 − [[`]]));
x4¢ return (idx t 4 − [[`]]);
p¢ return t;
return n}



A collection of �ve noisy measurements

2-D case

m = do {n¢ normal 0 1;
p¢ do {x1¢ normal 2 3;

x2¢ normal 2 3;
return ( x1 + n , x2 + n )};

return ( p , n )}

disintegrate m t =
do {`¢ normal 0 1;

n¢ return [[`]];
factor (normalD 2 3 (fst t − [[`]]));
x1¢ return (fst t − [[`]]);
factor (normalD 2 3 (snd t − [[`]]));
x2¢ return (snd t − [[`]]);
p¢ return t;
return n}

5-D case

m = do {n¢ normal 0 1;
p¢ do {x0¢ normal 2 3;

x1¢ normal 2 3;
x2¢ normal 2 3;
x3¢ normal 2 3;
x4¢ normal 2 3;
return 〈x0 + n, x1 + n, . . . , x4 + n〉};

return ( p , n )}

disintegrate m t =
do {`¢ normal 0 1;

n¢ return [[`]];
factor (normalD 2 3 (idx t 0 − [[`]]));
x0¢ return (idx t 0 − [[`]]);
factor (normalD 2 3 (idx t 1 − [[`]]));
x1¢ return (idx t 1 − [[`]]);
...
factor (normalD 2 3 (idx t 4 − [[`]]));
x4¢ return (idx t 4 − [[`]]);
p¢ return t;
return n}



Internal language: use heaps and locations as before

Variables x
Locations x
Real numbers r ∈ R
Bindings b ::= x¢ e

∣∣ factor e
Heap h ::=

[
b1; b2; . . . ; bn

]
Terms e ::= x

∣∣ x∣∣ r
∣∣ −e

∣∣ e + e
∣∣ normalD r r e∣∣ ()

∣∣ ( e1 , e2 )
∣∣ fst e

∣∣ snd e∣∣ 〈e1, e2, . . . , en〉
∣∣ idx e r∣∣ lebesgue

∣∣ normal r r∣∣ return e
∣∣ do {x¢ e; e}

∣∣ do {factor e; e}
Types α, β ::= 1

∣∣ R ∣∣ α× β
∣∣ 〈α〉 ∣∣M α



Step 2: / h1 (fst v) t

2-D case



/


n¢ normal 0 1;
p¢ do {x1¢ normal 2 3;

x2¢ normal 2 3;
return ( x1 + n , x2 + n )}

 [[p]] t



...

/
[
n¢ normal 0 1 ; x1¢ normal 2 3 ; x2¢ normal 2 3

]
[[( x1 + n , x2 + n )]] t


/
[
n¢ normal 0 1 ; x1¢ normal 2 3 ; x2¢ normal 2 3

]
[[x1 + n]] (fst t)

...
/


n¢ return [[`]];
factor (normalD 2 3 (fst t − [[`]]));
x1¢ return (fst t − [[`]]);
x2¢ normal 2 3

 [[x2 + n]] (snd t)

...

...

=⇒


[
`¢ normal 0 1

]
,


n¢ return [[`]];
factor (normalD 2 3 (fst t − [[`]]));
x1¢ return (fst t − [[`]]);
factor (normalD 2 3 (snd t − [[`]]));
x2¢ return (snd t − [[`]]);
p¢ return t





5-D case



/



n¢ normal 0 1;
p¢ do {x0¢ normal 2 3;

x1¢ normal 2 3;
...
x4¢ normal 2 3;
return 〈x0 + n, x1 + n, . . . , x4 + n〉}


[[p]] t



...

/
[
n¢ normal 0 1 ; x0¢ normal 2 3 ; x1¢ normal 2 3 ; . . .

]
[[〈x0 + n, x1 + n, . . . , x4 + n〉]] t/

[
n¢ normal 0 1 ; x0¢ normal 2 3 ; . . .

]
[[x0 + n]] (idx t 0)

.../
[
. . . ; x0¢ return (idx t 0 − [[`]]) ; x1¢ normal 2 3 ; . . .

]
[[x1 + n]] (idx t 1)

...

.../
[
. . . ; x1¢ return (idx t 1 − [[`]]) ; . . . ; x4¢ normal 2 3

]
[[x4 + n]] (idx t 4)

...

...

=⇒


[
`¢ normal 0 1

]
,



n¢ return [[`]];
factor (normalD 2 3 (idx t 0 − [[`]]));
x0¢ return (idx t 0 − [[`]]);
factor (normalD 2 3 (idx t 1 − [[`]]));
x1¢ return (idx t 1 − [[`]]);
...
factor (normalD 2 3 (idx t 4 − [[`]]));
x4¢ return (idx t 4 − [[`]]);
p¢ return t







Step 2: / h1 (fst v) t

2-D case



/


n¢ normal 0 1;
p¢ do {x1¢ normal 2 3;

x2¢ normal 2 3;
return ( x1 + n , x2 + n )}

 [[p]] t



...

/
[
n¢ normal 0 1 ; x1¢ normal 2 3 ; x2¢ normal 2 3

]
[[( x1 + n , x2 + n )]] t


/
[
n¢ normal 0 1 ; x1¢ normal 2 3 ; x2¢ normal 2 3

]
[[x1 + n]] (fst t)

...
/


n¢ return [[`]];
factor (normalD 2 3 (fst t − [[`]]));
x1¢ return (fst t − [[`]]);
x2¢ normal 2 3

 [[x2 + n]] (snd t)

...

...

=⇒


[
`¢ normal 0 1

]
,


n¢ return [[`]];
factor (normalD 2 3 (fst t − [[`]]));
x1¢ return (fst t − [[`]]);
factor (normalD 2 3 (snd t − [[`]]));
x2¢ return (snd t − [[`]]);
p¢ return t





5-D case



/



n¢ normal 0 1;
p¢ do {x0¢ normal 2 3;

x1¢ normal 2 3;
...
x4¢ normal 2 3;
return 〈x0 + n, x1 + n, . . . , x4 + n〉}


[[p]] t



...

/
[
n¢ normal 0 1 ; x0¢ normal 2 3 ; x1¢ normal 2 3 ; . . .

]
[[〈x0 + n, x1 + n, . . . , x4 + n〉]] t/

[
n¢ normal 0 1 ; x0¢ normal 2 3 ; . . .

]
[[x0 + n]] (idx t 0)

.../
[
. . . ; x0¢ return (idx t 0 − [[`]]) ; x1¢ normal 2 3 ; . . .

]
[[x1 + n]] (idx t 1)

...

.../
[
. . . ; x1¢ return (idx t 1 − [[`]]) ; . . . ; x4¢ normal 2 3

]
[[x4 + n]] (idx t 4)

...

...

=⇒


[
`¢ normal 0 1

]
,



n¢ return [[`]];
factor (normalD 2 3 (idx t 0 − [[`]]));
x0¢ return (idx t 0 − [[`]]);
factor (normalD 2 3 (idx t 1 − [[`]]));
x1¢ return (idx t 1 − [[`]]);
...
factor (normalD 2 3 (idx t 4 − [[`]]));
x4¢ return (idx t 4 − [[`]]);
p¢ return t







For large arrays we could use plate

Say plate is a macro:

plate n i m =
do {x0¢m{i 7→ 0};

x1¢m{i 7→ 1};
...

xn−1¢m{i 7→ n− 1};
return 〈x0, x1, . . . , xn−1〉}

We could express a hundred noisy
measurements as:

do {n¢ normal 0 1;
p¢ plate 100 _ (do {x¢ normal 2 3;

return (x + n)});
return ( p , n )}

While unrolling is correct in principle, we
could do better with an abstract
approach.



For large arrays we could use plate

Say plate is a macro:

plate n i m =
do {x0¢m{i 7→ 0};

x1¢m{i 7→ 1};
...

xn−1¢m{i 7→ n− 1};
return 〈x0, x1, . . . , xn−1〉}

We could express a hundred noisy
measurements as:

do {n¢ normal 0 1;
p¢ plate 100 _ (do {x¢ normal 2 3;

return (x + n)});
return ( p , n )}

While unrolling is correct in principle, we
could do better with an abstract
approach.



For large arrays we could use plate

Say plate is a macro:

plate n i m =
do {x0¢m{i 7→ 0};

x1¢m{i 7→ 1};
...

xn−1¢m{i 7→ n− 1};
return 〈x0, x1, . . . , xn−1〉}

We could express a hundred noisy
measurements as:

do {n¢ normal 0 1;
p¢ plate 100 _ (do {x¢ normal 2 3;

return (x + n)});
return ( p , n )}

While unrolling is correct in principle, we
could do better with an abstract
approach.



For large arrays we could use plate

Say plate is a macro:

plate n i m =
do {x0¢m{i 7→ 0};

x1¢m{i 7→ 1};
...

xn−1¢m{i 7→ n− 1};
return 〈x0, x1, . . . , xn−1〉}

We could express a hundred noisy
measurements as:

do {n¢ normal 0 1;
p¢ plate 100 _ (do {x¢ normal 2 3;

return (x + n)});
return ( p , n )}

While unrolling is correct in principle, we
could do better with an abstract
approach.



Input language: add array and plate as primitives

Variables x
Real numbers r ∈ R
Terms e ::= x∣∣ r

∣∣ −e
∣∣ e + e

∣∣ normalD r r e∣∣ ()
∣∣ ( e1 , e2 )

∣∣ fst e
∣∣ snd e∣∣ array e x e

∣∣ plate e x e
∣∣ idx e x∣∣ lebesgue

∣∣ normal r r∣∣ return e
∣∣ do {x¢ e; e}

∣∣ do {factor e; e}
Types α, β ::= 1

∣∣ R ∣∣ α× β
∣∣ 〈α〉 ∣∣M α



A collection of many noisy measurements

5-D case

m = do {n¢ normal 0 1;
p¢ do {x0¢ normal 2 3;

x1¢ normal 2 3;
x2¢ normal 2 3;
x3¢ normal 2 3;
x4¢ normal 2 3;
return 〈x0 + n, x1 + n, . . . , x4 + n〉};

return ( p , n )}

disintegrate m t =
do {`¢ normal 0 1;

n¢ return [[`]];
factor (normalD 2 3 (idx t 0 − [[`]]));
x0¢ return (idx t 0 − [[`]]);
factor (normalD 2 3 (idx t 1 − [[`]]));
x1¢ return (idx t 1 − [[`]]);
...
factor (normalD 2 3 (idx t 4 − [[`]]));
x4¢ return (idx t 4 − [[`]]);
p¢ return t;
return n}

k-D case

m = do {n¢ normal 0 1;
p¢ plate k i (do {x¢ normal 2 3;

return (x + n)});
return ( p , n )}

disintegrate m t =
do {`¢ normal 0 1;

n¢ return [[`]];
_¢ plate k i (factor (normalD 2 3 (idx t î − [[`]])));
x¢ return (idx t î − [[`]]);
p¢ return t;
return n}



A collection of many noisy measurements

5-D case

m = do {n¢ normal 0 1;
p¢ do {x0¢ normal 2 3;

x1¢ normal 2 3;
x2¢ normal 2 3;
x3¢ normal 2 3;
x4¢ normal 2 3;
return 〈x0 + n, x1 + n, . . . , x4 + n〉};

return ( p , n )}

disintegrate m t =
do {`¢ normal 0 1;

n¢ return [[`]];
factor (normalD 2 3 (idx t 0 − [[`]]));
x0¢ return (idx t 0 − [[`]]);
factor (normalD 2 3 (idx t 1 − [[`]]));
x1¢ return (idx t 1 − [[`]]);
...
factor (normalD 2 3 (idx t 4 − [[`]]));
x4¢ return (idx t 4 − [[`]]);
p¢ return t;
return n}

k-D case

m = do {n¢ normal 0 1;
p¢ plate k i (do {x¢ normal 2 3;

return (x + n)});
return ( p , n )}

disintegrate m t =
do {`¢ normal 0 1;

n¢ return [[`]];
_¢ plate k i (factor (normalD 2 3 (idx t î − [[`]])));
x¢ return (idx t î − [[`]]);
p¢ return t;
return n}



A collection of many noisy measurements

5-D case

m = do {n¢ normal 0 1;
p¢ do {x0¢ normal 2 3;

x1¢ normal 2 3;
x2¢ normal 2 3;
x3¢ normal 2 3;
x4¢ normal 2 3;
return 〈x0 + n, x1 + n, . . . , x4 + n〉};

return ( p , n )}

disintegrate m t =
do {`¢ normal 0 1;

n¢ return [[`]];
factor (normalD 2 3 (idx t 0 − [[`]]));
x0¢ return (idx t 0 − [[`]]);
factor (normalD 2 3 (idx t 1 − [[`]]));
x1¢ return (idx t 1 − [[`]]);
...
factor (normalD 2 3 (idx t 4 − [[`]]));
x4¢ return (idx t 4 − [[`]]);
p¢ return t;
return n}

k-D case

m = do {n¢ normal 0 1;
p¢ plate k i (do {x¢ normal 2 3;

return (x + n)});
return ( p , n )}

disintegrate m t =
do {`¢ normal 0 1;

n¢ return [[`]];
_¢ plate k i (factor (normalD 2 3 (idx t î − [[`]])));
x¢ return (idx t î − [[`]]);
p¢ return t;
return n}



A collection of many noisy measurements

5-D case

m = do {n¢ normal 0 1;
p¢ do {x0¢ normal 2 3;

x1¢ normal 2 3;
x2¢ normal 2 3;
x3¢ normal 2 3;
x4¢ normal 2 3;
return 〈x0 + n, x1 + n, . . . , x4 + n〉};

return ( p , n )}

disintegrate m t =
do {`¢ normal 0 1;

n¢ return [[`]];
factor (normalD 2 3 (idx t 0 − [[`]]));
x0¢ return (idx t 0 − [[`]]);
factor (normalD 2 3 (idx t 1 − [[`]]));
x1¢ return (idx t 1 − [[`]]);
...
factor (normalD 2 3 (idx t 4 − [[`]]));
x4¢ return (idx t 4 − [[`]]);
p¢ return t;
return n}

k-D case

m = do {n¢ normal 0 1;
p¢ plate k i (do {x¢ normal 2 3;

return (x + n)});
return ( p , n )}

disintegrate m t =
do {`¢ normal 0 1;

n¢ return [[`]];
_¢ plate k i (factor (normalD 2 3 (idx t î − [[`]])));
x¢ return (idx t î − [[`]]);
p¢ return t;
return n}



Internal language: use indices and multilocs

Variables x
Locations x
Indices x̂
Real numbers r ∈ R
Bindings b ::= x[x̂,...,ŷ] ¢ e

∣∣ factor[x̂,...,ŷ] e
Heap h ::=

[
b1; b2; . . . ; bn

]
Terms e ::= x

∣∣ x[x̂,...,ŷ]
∣∣ 〈x〉[x̂,...,ŷ]

∣∣ x̂∣∣ r
∣∣ −e

∣∣ e + e
∣∣ normalD r r e∣∣ ()

∣∣ ( e1 , e2 )
∣∣ fst e

∣∣ snd e∣∣ array e x e
∣∣ plate e x e

∣∣ idx e x∣∣ lebesgue
∣∣ normal r r∣∣ return e
∣∣ do {x¢ e; e}

∣∣ do {factor e; e}
Types α, β ::= 1

∣∣ R ∣∣ I ∣∣ α× β
∣∣ 〈α〉 ∣∣M α



Now the four functions each take a set of indices

B> (“perform”) : heap→ inds→ dM αe → (emission× heap× bαc)

. (“evaluate”) : heap→ inds→ dαe → (emission× heap× bαc)

<C (“constrain outcome”) : heap→ inds→ dM αe → bαc → (emission× heap)

/ (“constrain value”) : heap→ inds→ dαe → bαc → (emission× heap)



Step 1: B> [] m

5-D case



B> [] [[do {n¢ normal 0 1;
p¢ do {x0¢ normal 2 3;

x1¢ normal 2 3;
x2¢ normal 2 3;
x3¢ normal 2 3;
x4¢ normal 2 3;
return 〈x0 + n, x1 + n, . . . , x4 + n〉};

return ( p , n )}]]
...

=⇒


[]

,



n¢ normal 0 1;
p¢ do {x0¢ normal 2 3;

x1¢ normal 2 3;
x2¢ normal 2 3;
x3¢ normal 2 3;
x4¢ normal 2 3;
return 〈x0 + n, x1 + n, . . . , x4 + n〉}


, [[( p , n )]]



k-D case



B> [] [] [[do {n¢ normal 0 1;
p¢ plate k i (do {x¢ normal 2 3;

return (x + n)});
return ( p , n )}]]

...

=⇒

[] ,
n[] ¢ normal 0 1;

p[] ¢ plate k i (do {x¢ normal 2 3;
return (x + n)});

 , [[( p , n )]]





Step 1: B> [] m

5-D case



B> [] [[do {n¢ normal 0 1;
p¢ do {x0¢ normal 2 3;

x1¢ normal 2 3;
x2¢ normal 2 3;
x3¢ normal 2 3;
x4¢ normal 2 3;
return 〈x0 + n, x1 + n, . . . , x4 + n〉};

return ( p , n )}]]
...

=⇒


[]

,



n¢ normal 0 1;
p¢ do {x0¢ normal 2 3;

x1¢ normal 2 3;
x2¢ normal 2 3;
x3¢ normal 2 3;
x4¢ normal 2 3;
return 〈x0 + n, x1 + n, . . . , x4 + n〉}


, [[( p , n )]]



k-D case



B> [] [] [[do {n¢ normal 0 1;
p¢ plate k i (do {x¢ normal 2 3;

return (x + n)});
return ( p , n )}]]

...

=⇒

[] ,
n[] ¢ normal 0 1;

p[] ¢ plate k i (do {x¢ normal 2 3;
return (x + n)});

 , [[( p , n )]]





Step 2: / h1 (fst v) t

5-D case



/



n¢ normal 0 1;
p¢ do {x0¢ normal 2 3;

x1¢ normal 2 3;
...
x4¢ normal 2 3;
return 〈x0 + n, x1 + n, . . . , x4 + n〉}


[[p]] t



...

/
[
n¢ normal 0 1 ; x0¢ normal 2 3 ; x1¢ normal 2 3 ; . . .

]
[[〈x0 + n, x1 + n, . . . , x4 + n〉]] t/

[
n¢ normal 0 1 ; x0¢ normal 2 3 ; . . .

]
[[x0 + n]] (idx t 0)

.../
[
. . . ; x0¢ return (idx t 0 − [[`]]) ; x1¢ normal 2 3 ; . . .

]
[[x1 + n]] (idx t 1)

...

.../
[
. . . ; x1¢ return (idx t 1 − [[`]]) ; . . . ; x4¢ normal 2 3

]
[[x4 + n]] (idx t 4)

...

...

=⇒


[
`¢ normal 0 1

]
,



n¢ return [[`]];
factor (normalD 2 3 (idx t 0 − [[`]]));
x0¢ return (idx t 0 − [[`]]);
factor (normalD 2 3 (idx t 1 − [[`]]));
x1¢ return (idx t 1 − [[`]]);
...
factor (normalD 2 3 (idx t 4 − [[`]]));
x4¢ return (idx t 4 − [[`]]);
p¢ return t





k-D case



/

n[] ¢ normal 0 1;
p[] ¢ plate k i (do {x¢ normal 2 3;

return (x + n)})

 [] [[p]] t



<C
[
n[] ¢ normal 0 1

]
[] [[plate k i (do {x¢ normal 2 3;

return (x + n)})]]
t

/

n[] ¢ normal 0 1;
p[î] ¢ do {x¢ normal 2 3;

return (x + n)}

 [] [[〈p〉[]]] t

<C
[
n[] ¢ normal 0 1

]
[î] [[do {x¢ normal 2 3;

return (x + n)}]]
(idx t î)

...

/

[
n[] ¢ normal 0 1;
x[î] ¢ normal 2 3

]
[î] [[x + n]] (idx t î)

...

=⇒

[`¢ normal 0 1
]
,


n[] ¢ return [[`]];
factor[î] (normalD 2 3 (idx t î − [[`]]));
x[î] ¢ return (idx t î − [[`]]);
p[] ¢ return t






Step 2: / h1 (fst v) t

5-D case



/



n¢ normal 0 1;
p¢ do {x0¢ normal 2 3;

x1¢ normal 2 3;
...
x4¢ normal 2 3;
return 〈x0 + n, x1 + n, . . . , x4 + n〉}


[[p]] t



...

/
[
n¢ normal 0 1 ; x0¢ normal 2 3 ; x1¢ normal 2 3 ; . . .

]
[[〈x0 + n, x1 + n, . . . , x4 + n〉]] t/

[
n¢ normal 0 1 ; x0¢ normal 2 3 ; . . .

]
[[x0 + n]] (idx t 0)

.../
[
. . . ; x0¢ return (idx t 0 − [[`]]) ; x1¢ normal 2 3 ; . . .

]
[[x1 + n]] (idx t 1)

...

.../
[
. . . ; x1¢ return (idx t 1 − [[`]]) ; . . . ; x4¢ normal 2 3

]
[[x4 + n]] (idx t 4)

...

...

=⇒


[
`¢ normal 0 1

]
,



n¢ return [[`]];
factor (normalD 2 3 (idx t 0 − [[`]]));
x0¢ return (idx t 0 − [[`]]);
factor (normalD 2 3 (idx t 1 − [[`]]));
x1¢ return (idx t 1 − [[`]]);
...
factor (normalD 2 3 (idx t 4 − [[`]]));
x4¢ return (idx t 4 − [[`]]);
p¢ return t





k-D case



/

n[] ¢ normal 0 1;
p[] ¢ plate k i (do {x¢ normal 2 3;

return (x + n)})

 [] [[p]] t



<C
[
n[] ¢ normal 0 1

]
[] [[plate k i (do {x¢ normal 2 3;

return (x + n)})]]
t

/

n[] ¢ normal 0 1;
p[î] ¢ do {x¢ normal 2 3;

return (x + n)}

 [] [[〈p〉[]]] t

<C
[
n[] ¢ normal 0 1

]
[î] [[do {x¢ normal 2 3;

return (x + n)}]]
(idx t î)

...

/

[
n[] ¢ normal 0 1;
x[î] ¢ normal 2 3

]
[î] [[x + n]] (idx t î)

...

=⇒

[`¢ normal 0 1
]
,


n[] ¢ return [[`]];
factor[î] (normalD 2 3 (idx t î − [[`]]));
x[î] ¢ return (idx t î − [[`]]);
p[] ¢ return t



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Thank you

https://github.com/hakaru-dev/hakaru

https://github.com/hakaru-dev/hakaru
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