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Vectorisa1on	
  is	
  soooo	
  cool!	
  

•  vectorisa1on	
  is	
  orthogonal	
  to	
  all	
  other	
  
parallelisa1on	
  efforts!	
  
– mul1threaded	
  SMP	
  gains	
  
– distributed	
  machines	
  gain	
  
– GPUs	
  gain	
  

•  register	
  width	
  tends	
  to	
  increase	
  rather	
  than	
  
decrease	
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=>	
  a	
  true	
  must	
  have	
  !!!!	
  



Auto-­‐Vectorisa1on	
  exists!	
  

•  many	
  techniques	
  have	
  been	
  developed	
  
•  polyhedral	
  model	
  gives	
  rather	
  extensive	
  
coverage	
  

•  we	
  cross-­‐compile	
  to	
  C	
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=>	
  smells	
  like	
  a	
  free	
  lunch!!!	
  



sad	
  verse:	
  

res	
  =	
  with	
  {	
  
	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  ([0]<=[i]<[N])	
  :a[i]*a[i];	
  

	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  }	
  :	
  fold(	
  +,	
  [0,0,0]);	
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sad	
  verse:	
  

res	
  =	
  [0,0,0];	
  
for(	
  i=0;	
  i<N;	
  i++)	
  {	
  

	
  	
  	
  for(	
  j=0;	
  j<3;	
  j++)	
  {	
  

	
  	
  	
  	
  	
  	
  	
  	
  res[j]	
  +=	
  a[i,j]	
  *	
  a[i,j];	
  

	
  	
  	
  }	
  

}	
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a	
  new	
  memory	
  layout	
  to	
  the	
  
rescue:	
  

res’	
  =	
  genarray([3,4],	
  0);	
  

res’	
  =	
  with	
  {	
  

	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  ([0]<=[i]<[N/4]:a[i]	
  *	
  a[i];	
  

	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  }	
  :	
  fold(	
  +,	
  res’);	
  

res	
  =	
  with	
  {	
  

	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  ([0]<=[i]<[3])	
  :	
  sum(res’[i]);	
  

	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  }	
  :	
  genarray(	
  [3]);	
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a	
  new	
  memory	
  layout	
  to	
  the	
  
rescue:	
  

res’	
  =	
  genarray([3,4],	
  0);	
  
for(	
  i=0;	
  i<N/4;	
  i++)	
  {	
  
	
  	
  	
  for(	
  j=0;	
  j<3;	
  j++)	
  {	
  
	
  	
  	
  	
  	
  	
  	
  for(	
  k=0;	
  k<4;	
  k++)	
  {	
  
	
  	
  	
  	
  	
  	
  	
  res’[j,k]	
  +=	
  a[i,j,k]	
  *	
  a[i,j,k];	
  
	
  	
  	
  }	
  
}	
  
res	
  =	
  ...	
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shape	
   layout	
  types	
   layout	
  candidates	
  

[m]	
   0	
  
1	
  

[m]	
  
[m/4,	
  4]	
  

[m,n]	
   0	
  
1	
  
2	
  

[m,n]	
  
[m/4,n,4]	
  
[m,n/4,4]	
  

[m,n,o]	
   0	
  
1	
  
2	
  
3	
  

[m,n,o]	
  
[m/4,n,o,4]	
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[m,n,o/4,4]	
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   ...	
   ...	
  



Layout	
  Typing	
  

9	
  

favourable. Furthermore, we have to take into account that the

same array can be used in several loop nests, all of which

may provide vectorisation opportunities; an example for this

situation is the use of the array positions within the body

of the function advance in our running example. Finally,

the nests of independent loops may not exist within a single

function body. Instead, we can have situations where layout

demands for vectorisations may need to be propagated through

function calls; an example for this situation is the function

acceleration of the N-body application which exposes

the layout demands on its first two arguments to the calling

context in planet_acc.

The main contribution of this paper is a type system to

describe the layout inference. It allows us to control all the

aforementioned aspects: We can propagate layouts through

function calls, and we can control tightly what happens to all

loop indices involved. Furthermore, it takes into account multi-

ple uses of the same data structure within an entire application

and ensures consistent layout transformations throughout.

IV. A TYPE SYSTEM FOR DATA-LAYOUTS

As explained informally in the previous section, for a

given n-dimensional array we consider n different layout

transformations. We denote these by the natural numbers

1, . . . , n, where i refers to the transformation of the shape[s1, . . . , sn] into [s1, . . . , si−1�V, . . . , sn, V ]. In addition, we

use 0 to denote the shape identity and we use △ to denote a

shape extension from [s1, . . . , sn] into [s1, . . . , sn, V ]. The

latter is needed for the actual vectorisation of expressions

that happen inside our map or reduce constructs. Finally, we

add a layout type for index vectors. They play a crucial

role in the layout inference as they introduce constraints

between layouts of different arrays whenever they are used for

selections from more than one array. Index vectors can have

types idx(m),m ∈ Z+ which denote that the m-th component

of the index vector is considered for vectorisation. Now, we

can define the set or layout types as

L = N ∪ {△} ∪ idx(m),m ∈ N 2

We also introduce layout-type-signatures to denote the

different possible layout transformations an individual func-

tion can be applied to. Formally, these are described by(l1, . . . , lt) → l where all li and l are layout types as defined

above.

We denote the union of L with all layout-type-signatures

over L by LT .

A. Environments
The purpose of the layout type system is to infer which

combinations of layout choices for all data structures will en-

able some code vectorisation. To describe n such combinations

within a single environment, we formalise environments as

mappings from identifiers to n-element vectors of types, i.e.,

2
Note here that despite of the infinite nature of the definition of L, for any

given program L is finite as the natural numbers are bound by the maximum

number of array axes present.

we have environments E ⊂ Id × LTn
. We denote the lookup

of a variable v in E by E(v) and E ⊕ (v, �l1, . . . , ln�) denotes

an environment that returns the vector type �l1, . . . , ln� for the

variable v.

For a more succinct presentation of the type system, we

use separate environments for all functions. We denote the

collection of all these environments by F ⊂ Id×E . Lookup of

a function identifier f and presence of function identifiers are

denoted in the same way as its done for environments, i.e., we

use F(f) and F ⊕ E , respectively.

As we require all entries of one environment to have the

same length, an environment E of a function f takes the

general form

E = {v1 ∶ �l11, . . . , l1n�, . . . vm ∶ �lm1 , . . . , lmn �, f ∶ �lf1 , . . . , lfn�}
It can be seen as a matrix of size (m + 1) × n, where m is

the number of local variables and arguments in the function

this environment captures and n is the number of valid layout

combinations for that function.

Each column in the matrix represents a layout combination

for all variables and arguments of the function including its

signature. We refer to the i-th column of an environment E byE[i].
B. Type Rules

With these definitions at hand, we can define a deduc-

tion system in order to characterise the validity of layout-

transformations. The judgements of this deduction system are

of the form F ,E � expr ∶ �τ1, . . . , τm� where

F is a function environment; it contains separate envi-

ronments for all functions,E is an environment containing valid layout transfor-

mations for the identifiers in the current context,

expr is an expression,

m is the number of valid layout transformations for the

function under consideration, and

τi are the m layout-transformations that expr within

the current function can undergo.

The type rules for the non-array-specific core of the lan-

guage are summarised below. Please note that in the rest of

the paper we use a D (e) notation to denote a number of axes

in e.

CONST ∶ ∀1 ≤ i ≤ t τi ∈ {0, . . . ,D (c)} ∪ {△}F ,E � c ∶ �τ1, . . . , τn�
VAR ∶ F ,E � x ∶ E(x)

APP ∶

∀1 ≤ i ≤ t F ,E � ei ∶ �τ i
1, . . . , τ

i
n�F ,F(f) � f ∶ �(l11, . . . , lt1)→ l1, . . . , (l1m, . . . , ltm)→ lm�∀1 ≤ i ≤ n ∃1 ≤ j ≤m∀1 ≤ k ≤ t (lkj = τk

i ) ∧ (lj = τi)F ,E � f(e1, . . . , et) ∶ �τ1, . . . , τn�
LET ∶ F ,E � e1 ∶ �τ F ,E ⊕ (x, �τ) � e2 ∶ �σF ,E � let x = e1 in e2 ∶ �σ

layout	
  type	
  variants	
  
variable	
  

environment	
  

func1on	
  
environment	
  



Example	
  

(res::0)	
  =	
  with	
  {	
  
	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  ([0]<=[(i::idx(1))]<[N])	
  :	
  	
  

	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  (((a::1)[i]::Δ)*((a::1)[i]::Δ)::Δ);	
  

	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  }	
  :	
  fold(	
  +,	
  ([0,0,0]::Δ));	
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“controls	
  the	
  
vectorisa1on”	
  



LETREC ∶
F ′ = F�n

i=1 �fi,F(fi)⊕ �fi, �(τ1
1 , . . . , τ1

Ai
) → σ1, . . . , (τVi

1 , . . . , τVi
Ai
) → σVi���∀1 ≤ i ≤ n F ′,F ′(fi)�Ai

j=1 �aj , �τ1
j , . . . , τAi

j �� � ei ∶ �σ1, . . . ,σVi�F ′,E � e ∶ �ρF ,E � letrec f1(a1
1, . . . , a

1
A1) = e1, . . . , fn(an

1 , . . . , an
An
) = en in e ∶ �ρ

Fig. 3. LETREC layout rule.

Finally the rule that allows application of all the functions

defined in the program can be found in Fig. 3. Most of

these rules are vectorised versions of the standard rules for

typing a first order applied λ-calculus: they only differ from

their standard counterparts by dealing with vectors of n types

for each identifier rather than a single type. Two rules are of

special interest here: the CONST rule for typing constants and

the APP rule for typing function applications.

The CONST rule allows us to attribute any layout transfor-

mation type as long as we stay within the dimensionality of the

constant or we choose to extend the shape. As a consequence

of this liberty, any possible type inference will have to imply

type constraints from the context in order to constrain the types

for constants.

The APP rule correlates n potential layout combinations

within the calling context with m potential layout combina-

tions of the called context. This ensures, that only those layout

combinations are present for which suitable function layout

transformations exist which effectively ensures consistency

throughout the entire program.

The rules that give rise to layout transformations are those

for primitive operations and those for the map and reduce

constructs are shown below.

PRF[△] ∶

F ,E � e1 ∶ �τ1, . . . , τn�F ,E � e2 ∶ �τ ′1, . . . , τ ′n�∀1 ≤ i ≤ n

σi =
���������������

0 (τi = 0) ∧ (τ ′i = 0)△ (τi = 0) ∧ (τ ′i =△)△ (τi =△) ∧ (τ ′i = 0)△ (τi =△) ∧ (τ ′i =△)F ,E � +(e1, e2) ∶ �σ1, . . . ,σn�

MAP[△] ∶

F ,E ⊕ (j, �τ1, . . . , τn�) � e ∶ �σ1, . . . ,σn�∀1 ≤ i ≤ n

ρi =
���������������

k τi = idx(k) ∧ σi =△△ τi = 0 ∧ σi =△
0 τi = 0 ∧ σi = 0D (j) + k τi = 0 ∧ σi = k ∈ Z+F ,E � map j < u e ∶ �ρ1, . . . ,ρn�

RED[△] ∶

σbin
k ≡ (σk,σk) → σkF ,F(f) � f ∶ �σbin

1 , . . . ,σbin
n �F ,E ⊕ (j, �τ1, . . . , τn�) � e ∶ �σ1, . . . ,σn�∀1 ≤ i ≤ n

ρi =
�����������
0 τi = idx(k) ∧ σi =△△ τi = 0 ∧ σi =△
σi τi = 0 ∧ σi ∈ NF ,E � reduce j < u f e ∶ �ρ1, . . . ,ρn�

IDX[△] ∶

F ,E � j ∶ �τ1, . . . , τn�F ,E � h ∶ �τ ′1, . . . , τ ′n�∀1 ≤ i ≤ n

σi =
�����������
idx(k) τi = idx(k) ∧ τ ′i = 0

idx(D (j) + k) τi = 0 ∧ τ ′i = idx(k)
0 τi = 0 ∧ τ ′i = 0F ,E � j ++ h ∶ �σ1, . . . ,σn�

SEL[△] ∶

F ,E � j ∶ �τ1, . . . , τn�F ,E � a ∶ �σ1, . . . ,σn�∀1 ≤ i ≤ n

ρi =
�����������
△ τi = idx(k) ∧ σi = k ∧ k ∈ Z+△ τi = 0 ∧ σi =△
0 τi = 0 ∧ σi ∈ NF ,E � sel (j, a) ∶ �ρ1, . . . ,ρn�

IF[△] ∶

F ,E � p ∶ �τ1, . . . , τn�F ,E � t ∶ �σ1, . . . ,σn�F ,E � f ∶ �φ1, . . . ,φn�∀1 ≤ i ≤ n

ρi =
���������������

φi τi = 0 ∧ σi = φi△ τi =△∧ σi = 0 ∧ φi =△△ τi =△∧ σi =△∧ φi = 0△ τi =△∧ σi =△∧ φi =△F ,E � if (p) then t else f ∶ �ρ1, . . . ,ρn�
As explained informally in the previous section, we look for

pattern where a primitive operation for which a vector coun-

terpart exists (PRF[△] rule) is applied to element selections

(SEL[△] rule) into arrays that are located within a data parallel

context (MAP[△] rule or RED[△] rule). Depending on the

nesting of map constructs, the MAP[△] rule propagates type

relations in a different way. We have to distinguish 4 different

cases:

1) The map construct may control a layout transformation,

i.e., it may be responsible for the data-parallel loop that

is due to be vectorised. In this case, the corresponding

axis k is attributed as type idx(k) for the index variable

and the expression e needs to be of expansion type (△).

2) The map-construct can be syntactically located between

the controlling map construct and the expression that is

to be vectorised. In this case, the type for the index j
has to be of type 0 and the expression is of expansion

type.

3) If we do not have a vectorisation at all, the types for the

index, expression and the entire map construct are all 0.

4) Finally, we can have a situation, where the map construct

surrounds a map construct that controls a vectorisation.

In that case, the expression is of some type k already and

the result type of the map-construct has to reflect that we

have a layout transformation on an inner dimensionality.

This is done by adding the number of axes of the

Example	
  

(res::0)	
  =	
  with	
  {	
  
	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  ([0]<=[(i::idx(1))]<[N])	
  :	
  	
  

	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  (((a::1)[i]::Δ)*((a::1)[i]::Δ)::Δ);	
  

	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  }	
  :	
  fold(	
  +,	
  ([0,0,0]::Δ));	
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“outward	
  
vectorisa1on”	
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  :	
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  +,	
  ([0,0,0]::Δ));	
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“actual”	
  
vectorisa1on	
  

LETREC ∶
F ′ = F�n

i=1 �fi,F(fi)⊕ �fi, �(τ1
1 , . . . , τ1

Ai
) → σ1, . . . , (τVi

1 , . . . , τVi
Ai
) → σVi���∀1 ≤ i ≤ n F ′,F ′(fi)�Ai

j=1 �aj , �τ1
j , . . . , τAi

j �� � ei ∶ �σ1, . . . ,σVi�F ′,E � e ∶ �ρF ,E � letrec f1(a1
1, . . . , a

1
A1) = e1, . . . , fn(an

1 , . . . , an
An
) = en in e ∶ �ρ

Fig. 3. LETREC layout rule.

Finally the rule that allows application of all the functions

defined in the program can be found in Fig. 3. Most of

these rules are vectorised versions of the standard rules for

typing a first order applied λ-calculus: they only differ from

their standard counterparts by dealing with vectors of n types

for each identifier rather than a single type. Two rules are of

special interest here: the CONST rule for typing constants and

the APP rule for typing function applications.

The CONST rule allows us to attribute any layout transfor-

mation type as long as we stay within the dimensionality of the

constant or we choose to extend the shape. As a consequence

of this liberty, any possible type inference will have to imply

type constraints from the context in order to constrain the types

for constants.

The APP rule correlates n potential layout combinations

within the calling context with m potential layout combina-

tions of the called context. This ensures, that only those layout

combinations are present for which suitable function layout

transformations exist which effectively ensures consistency

throughout the entire program.

The rules that give rise to layout transformations are those

for primitive operations and those for the map and reduce

constructs are shown below.

PRF[△] ∶

F ,E � e1 ∶ �τ1, . . . , τn�F ,E � e2 ∶ �τ ′1, . . . , τ ′n�∀1 ≤ i ≤ n

σi =
���������������

0 (τi = 0) ∧ (τ ′i = 0)△ (τi = 0) ∧ (τ ′i =△)△ (τi =△) ∧ (τ ′i = 0)△ (τi =△) ∧ (τ ′i =△)F ,E � +(e1, e2) ∶ �σ1, . . . ,σn�

MAP[△] ∶

F ,E ⊕ (j, �τ1, . . . , τn�) � e ∶ �σ1, . . . ,σn�∀1 ≤ i ≤ n

ρi =
���������������

k τi = idx(k) ∧ σi =△△ τi = 0 ∧ σi =△
0 τi = 0 ∧ σi = 0D (j) + k τi = 0 ∧ σi = k ∈ Z+F ,E � map j < u e ∶ �ρ1, . . . ,ρn�

RED[△] ∶

σbin
k ≡ (σk,σk) → σkF ,F(f) � f ∶ �σbin

1 , . . . ,σbin
n �F ,E ⊕ (j, �τ1, . . . , τn�) � e ∶ �σ1, . . . ,σn�∀1 ≤ i ≤ n

ρi =
�����������
0 τi = idx(k) ∧ σi =△△ τi = 0 ∧ σi =△
σi τi = 0 ∧ σi ∈ NF ,E � reduce j < u f e ∶ �ρ1, . . . ,ρn�

IDX[△] ∶

F ,E � j ∶ �τ1, . . . , τn�F ,E � h ∶ �τ ′1, . . . , τ ′n�∀1 ≤ i ≤ n

σi =
�����������
idx(k) τi = idx(k) ∧ τ ′i = 0

idx(D (j) + k) τi = 0 ∧ τ ′i = idx(k)
0 τi = 0 ∧ τ ′i = 0F ,E � j ++ h ∶ �σ1, . . . ,σn�

SEL[△] ∶

F ,E � j ∶ �τ1, . . . , τn�F ,E � a ∶ �σ1, . . . ,σn�∀1 ≤ i ≤ n

ρi =
�����������
△ τi = idx(k) ∧ σi = k ∧ k ∈ Z+△ τi = 0 ∧ σi =△
0 τi = 0 ∧ σi ∈ NF ,E � sel (j, a) ∶ �ρ1, . . . ,ρn�

IF[△] ∶

F ,E � p ∶ �τ1, . . . , τn�F ,E � t ∶ �σ1, . . . ,σn�F ,E � f ∶ �φ1, . . . ,φn�∀1 ≤ i ≤ n

ρi =
���������������

φi τi = 0 ∧ σi = φi△ τi =△∧ σi = 0 ∧ φi =△△ τi =△∧ σi =△∧ φi = 0△ τi =△∧ σi =△∧ φi =△F ,E � if (p) then t else f ∶ �ρ1, . . . ,ρn�
As explained informally in the previous section, we look for

pattern where a primitive operation for which a vector coun-

terpart exists (PRF[△] rule) is applied to element selections

(SEL[△] rule) into arrays that are located within a data parallel

context (MAP[△] rule or RED[△] rule). Depending on the

nesting of map constructs, the MAP[△] rule propagates type

relations in a different way. We have to distinguish 4 different

cases:

1) The map construct may control a layout transformation,

i.e., it may be responsible for the data-parallel loop that

is due to be vectorised. In this case, the corresponding

axis k is attributed as type idx(k) for the index variable

and the expression e needs to be of expansion type (△).

2) The map-construct can be syntactically located between

the controlling map construct and the expression that is

to be vectorised. In this case, the type for the index j
has to be of type 0 and the expression is of expansion

type.

3) If we do not have a vectorisation at all, the types for the

index, expression and the entire map construct are all 0.

4) Finally, we can have a situation, where the map construct

surrounds a map construct that controls a vectorisation.

In that case, the expression is of some type k already and

the result type of the map-construct has to reflect that we

have a layout transformation on an inner dimensionality.

This is done by adding the number of axes of the



Example	
  

(res::0)	
  =	
  with	
  {	
  
	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  ([0]<=[(i::idx(1))]<[N])	
  :	
  	
  

	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  (((a::1)[i]::Δ)*((a::1)[i]::Δ)::Δ);	
  

	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  }	
  :	
  fold(	
  +,	
  ([0,0,0]::Δ));	
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LETREC ∶
F ′ = F�n

i=1 �fi,F(fi)⊕ �fi, �(τ1
1 , . . . , τ1

Ai
) → σ1, . . . , (τVi

1 , . . . , τVi
Ai
) → σVi���∀1 ≤ i ≤ n F ′,F ′(fi)�Ai

j=1 �aj , �τ1
j , . . . , τAi

j �� � ei ∶ �σ1, . . . ,σVi�F ′,E � e ∶ �ρF ,E � letrec f1(a1
1, . . . , a

1
A1) = e1, . . . , fn(an

1 , . . . , an
An
) = en in e ∶ �ρ

Fig. 3. LETREC layout rule.

Finally the rule that allows application of all the functions

defined in the program can be found in Fig. 3. Most of

these rules are vectorised versions of the standard rules for

typing a first order applied λ-calculus: they only differ from

their standard counterparts by dealing with vectors of n types

for each identifier rather than a single type. Two rules are of

special interest here: the CONST rule for typing constants and

the APP rule for typing function applications.

The CONST rule allows us to attribute any layout transfor-

mation type as long as we stay within the dimensionality of the

constant or we choose to extend the shape. As a consequence

of this liberty, any possible type inference will have to imply

type constraints from the context in order to constrain the types

for constants.

The APP rule correlates n potential layout combinations

within the calling context with m potential layout combina-

tions of the called context. This ensures, that only those layout

combinations are present for which suitable function layout

transformations exist which effectively ensures consistency

throughout the entire program.

The rules that give rise to layout transformations are those

for primitive operations and those for the map and reduce

constructs are shown below.

PRF[△] ∶

F ,E � e1 ∶ �τ1, . . . , τn�F ,E � e2 ∶ �τ ′1, . . . , τ ′n�∀1 ≤ i ≤ n

σi =
���������������

0 (τi = 0) ∧ (τ ′i = 0)△ (τi = 0) ∧ (τ ′i =△)△ (τi =△) ∧ (τ ′i = 0)△ (τi =△) ∧ (τ ′i =△)F ,E � +(e1, e2) ∶ �σ1, . . . ,σn�

MAP[△] ∶

F ,E ⊕ (j, �τ1, . . . , τn�) � e ∶ �σ1, . . . ,σn�∀1 ≤ i ≤ n

ρi =
���������������

k τi = idx(k) ∧ σi =△△ τi = 0 ∧ σi =△
0 τi = 0 ∧ σi = 0D (j) + k τi = 0 ∧ σi = k ∈ Z+F ,E � map j < u e ∶ �ρ1, . . . ,ρn�

RED[△] ∶

σbin
k ≡ (σk,σk) → σkF ,F(f) � f ∶ �σbin

1 , . . . ,σbin
n �F ,E ⊕ (j, �τ1, . . . , τn�) � e ∶ �σ1, . . . ,σn�∀1 ≤ i ≤ n

ρi =
�����������
0 τi = idx(k) ∧ σi =△△ τi = 0 ∧ σi =△
σi τi = 0 ∧ σi ∈ NF ,E � reduce j < u f e ∶ �ρ1, . . . ,ρn�

IDX[△] ∶

F ,E � j ∶ �τ1, . . . , τn�F ,E � h ∶ �τ ′1, . . . , τ ′n�∀1 ≤ i ≤ n

σi =
�����������
idx(k) τi = idx(k) ∧ τ ′i = 0

idx(D (j) + k) τi = 0 ∧ τ ′i = idx(k)
0 τi = 0 ∧ τ ′i = 0F ,E � j ++ h ∶ �σ1, . . . ,σn�

SEL[△] ∶

F ,E � j ∶ �τ1, . . . , τn�F ,E � a ∶ �σ1, . . . ,σn�∀1 ≤ i ≤ n

ρi =
�����������
△ τi = idx(k) ∧ σi = k ∧ k ∈ Z+△ τi = 0 ∧ σi =△
0 τi = 0 ∧ σi ∈ NF ,E � sel (j, a) ∶ �ρ1, . . . ,ρn�

IF[△] ∶

F ,E � p ∶ �τ1, . . . , τn�F ,E � t ∶ �σ1, . . . ,σn�F ,E � f ∶ �φ1, . . . ,φn�∀1 ≤ i ≤ n

ρi =
���������������

φi τi = 0 ∧ σi = φi△ τi =△∧ σi = 0 ∧ φi =△△ τi =△∧ σi =△∧ φi = 0△ τi =△∧ σi =△∧ φi =△F ,E � if (p) then t else f ∶ �ρ1, . . . ,ρn�
As explained informally in the previous section, we look for

pattern where a primitive operation for which a vector coun-

terpart exists (PRF[△] rule) is applied to element selections

(SEL[△] rule) into arrays that are located within a data parallel

context (MAP[△] rule or RED[△] rule). Depending on the

nesting of map constructs, the MAP[△] rule propagates type

relations in a different way. We have to distinguish 4 different

cases:

1) The map construct may control a layout transformation,

i.e., it may be responsible for the data-parallel loop that

is due to be vectorised. In this case, the corresponding

axis k is attributed as type idx(k) for the index variable

and the expression e needs to be of expansion type (△).

2) The map-construct can be syntactically located between

the controlling map construct and the expression that is

to be vectorised. In this case, the type for the index j
has to be of type 0 and the expression is of expansion

type.

3) If we do not have a vectorisation at all, the types for the

index, expression and the entire map construct are all 0.

4) Finally, we can have a situation, where the map construct

surrounds a map construct that controls a vectorisation.

In that case, the expression is of some type k already and

the result type of the map-construct has to reflect that we

have a layout transformation on an inner dimensionality.

This is done by adding the number of axes of the
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double[3]	
  accelara1on(	
  double[3]	
  pos1,	
  double[3]	
  pos2,	
  double	
  mass2)	
  
{	
  
	
  	
  distance	
  =	
  nonzerol2norm(	
  pos2	
  -­‐	
  pos1);	
  
	
  	
  return(	
  (	
  pos2	
  -­‐	
  pos1)	
  *	
  (	
  mass2	
  /	
  (	
  distance	
  *	
  distance	
  *	
  distance))	
  );	
  
}	
  

double[3]	
  accelera1on(	
  double[3]	
  pos1,	
  double[N,3]	
  pos2s,	
  double[N]	
  masss)	
  
{	
  
	
  	
  res	
  =	
  [0d,0d,0d];	
  
	
  	
  for(	
  i=0;	
  i<	
  shape(masss)[[0]];	
  i++)	
  {	
  
	
  	
  	
  	
  res	
  +=	
  accelara1on(	
  pos1,	
  pos2s[[i]],	
  masss[[i]]);	
  
	
  	
  }	
  
	
  	
  return(	
  res);	
  
}	
  

effect	
  of	
  pos2	
  on	
  pos	
  1	
  

accumulated	
  effect	
  of	
  all	
  N	
  
planets	
  in	
  pos2s	
  on	
  pos	
  1	
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double[N,3],	
  double[N,3]	
  	
  advance(	
  double	
  [N,3]	
  planet_pos,	
  	
  
	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  double	
  [N,3]	
  planet_vel,	
  
	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  double	
  [N]	
  planet_mass,	
  
	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  double	
  dt)	
  
{	
  
	
  	
  	
  accs	
  =	
  with	
  {	
  
	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  (.<=	
  [i]	
  <=.)	
  :	
  accelera1on(	
  planet_pos[[i]],	
  planet_pos,	
  planet_mass	
  );	
  
	
  	
  	
  	
  	
  	
  	
  	
  	
  }	
  :	
  genarray(	
  shape(	
  planet_mass),	
  [0d,0d,0d]);	
  
	
  	
  	
  planet_vel	
  =	
  planet_vel	
  +	
  accs	
  *	
  dt;	
  
	
  	
  	
  planet_pos	
  =	
  planet_pos	
  +	
  planet_vel	
  *	
  dt;	
  
	
  	
  	
  return(	
  planet_pos,	
  planet_vel);	
  
}	
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double[N,4],	
  double[N,4]	
  	
  advance(	
  double	
  [N,4]	
  planet_pos,	
  double	
  [N,4]	
  planet_vel,	
  
	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  double	
  [N]	
  planet_mass,	
  double	
  dt)	
  {	
  
	
  	
  	
  accs	
  =	
  with	
  {	
  
	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  (.<=	
  [i]	
  <=.)	
  :	
  accelera1on(	
  planet_pos[[i]],	
  planet_pos,	
  planet_mass	
  );	
  
	
  	
  	
  	
  	
  	
  	
  	
  	
  }	
  :	
  genarray(	
  shape(	
  planet_mass),	
  [0d,0d,0d,0d]);	
  
	
  	
  	
  planet_vel	
  =	
  planet_vel	
  +	
  accs	
  *	
  dt;	
  
	
  	
  	
  planet_pos	
  =	
  planet_pos	
  +	
  planet_vel	
  *	
  dt;	
  
	
  	
  	
  return(	
  planet_pos,	
  planet_vel);	
  
}	
  

double[4]	
  accelara1on(	
  double[4]	
  pos1,	
  double[4]	
  pos2,	
  double	
  mass2)	
  {	
  
	
  	
  distance	
  =	
  nonzerol2norm(	
  pos2	
  -­‐	
  pos1);	
  
	
  	
  return(	
  (	
  pos2	
  -­‐	
  pos1)	
  *	
  (	
  mass2	
  /	
  (	
  distance	
  *	
  distance	
  *	
  distance))	
  );	
  
}	
  

double[4]	
  accelera1on(	
  double[4]	
  pos1,	
  double[N,4]	
  pos2s,	
  double[N]	
  masss)	
  {	
  
	
  	
  res	
  =	
  [0d,0d,0d,0d];	
  
	
  	
  for(	
  i=0;	
  i<	
  shape(masss)[[0]];	
  i++)	
  {	
  
	
  	
  	
  	
  res	
  +=	
  accelara1on(	
  pos1,	
  pos2s[[i]],	
  masss[[i]]);	
  
	
  	
  }	
  
	
  	
  return(	
  res);	
  
}	
  



Vectorisa1on	
  Asempt	
  II	
  

17	
  

double[N/4,3,4],	
  double[N/4,3,4]	
  
advance(	
  double	
  [N/4,3,4]	
  planet_pos,	
  double	
  [N/4,3,4]	
  planet_vel,	
  
	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  double	
  [N/4,4]	
  planet_mass,	
  double	
  dt)	
  {	
  
	
  	
  	
  accs	
  =	
  with	
  {	
  
	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  (.<=	
  [i]	
  <=.)	
  :	
  accelera1on(	
  planet_pos[[i]],	
  planet_pos,	
  planet_mass	
  );	
  
	
  	
  	
  	
  	
  	
  	
  	
  	
  }	
  :	
  genarray(	
  shape(	
  planet_mass),	
  [0d,0d,0d]);	
  
	
  	
  	
  planet_vel	
  =	
  planet_vel	
  +	
  accs	
  *	
  dt;	
  
	
  	
  	
  planet_pos	
  =	
  planet_pos	
  +	
  planet_vel	
  *	
  dt;	
  
	
  	
  	
  return(	
  planet_pos,	
  planet_vel);	
  
}	
  

double[3,4]	
  accelara1on(	
  double[3,4]	
  pos1,	
  double[3,4]	
  pos2,	
  double[4]	
  mass2)	
  {	
  
	
  	
  distance	
  =	
  nonzerol2norm(	
  pos2	
  -­‐	
  pos1);	
  
	
  	
  return(	
  (	
  pos2	
  -­‐	
  pos1)	
  *	
  (	
  mass2	
  /	
  (	
  distance	
  *	
  distance	
  *	
  distance))	
  );	
  
}	
  
double[3,4]	
  accelera1on(	
  double[3,4]	
  pos1,	
  double[N/4,3,4]	
  pos2s,	
  double[N/4,4]	
  masss)	
  {	
  
	
  	
  res	
  =	
  [0d,0d,0d];	
  
	
  	
  for(	
  i=0;	
  i<	
  shape(masss)[[0]];	
  i++)	
  {	
  
	
  	
  	
  	
  res	
  +=	
  accelara1on(	
  pos1,	
  pos2s[[i]],	
  masss[[i]]);	
  
	
  	
  }	
  
	
  	
  return(	
  res);	
  
}	
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Conclusions	
  

•  choice	
  of	
  data	
  layout	
  is	
  cri1cal	
  for	
  
vectorisa1on	
  

•  layouts	
  as	
  types	
  ensure	
  consistency	
  
•  inference	
  is	
  possible	
  
•  enables	
  high-­‐level	
  program	
  transforma1on	
  

•  op1mal	
  layout	
  depends	
  on	
  hardware!	
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